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Abstract 

We consider the analogue of the Andre-Oort conjecture for Drinfeld modular varieties 
which was formulated by Breuer. We prove this analogue for special points with separa- 
ble reflex field over the base field by adapting methods which were used by Klingler and 
Yafaev to prove the Andre-Oort conjecture under the generalized Riemann hypothesis 
in the classical case. Our result extends results of Breuer showing the correctness of 
the analogue for special points lying in a curve and for special points having a certain 
behaviour at a fixed set of primes. 

Introduction 

The Andre-Oort conjecture 

The Andre-Oort conjecture asserts that every irreducible component of the Zariski closure of 
a set of special points in a Shimura variety is a special subvariety. There has been remarkable 
progress on this conjecture recently. 

In the late 1990's, Edixhoven proved the conjecture for Hilbert modular surfaces and products 
of modular curves assuming the generalized Riemann hypothesis (GRH) in [EdiOlJ and |Edi05]. 
Both proofs exploit the Galois action on special points and use geometric properties of Hecke 
correspondences. In the special case of a product of two modular curves, Andre And98l gave a 
proof without assuming GRH. 

These methods were extended in [EY03J by Edixhoven and Yafaev to prove the conjecture for 
curves in general Shimura varieties containing infinitely many special points all lying in the same 
Hecke orbit. Subsequently, Yafaev [Yaf06] also proved the conjecture for general curves assuming 
GRH. 

Recently, Klingler, Ullmo and Yafaev have announced a proof of the full Andre-Oort conjec- 
ture assuming GRH, see |KY10j and |UY06| . Their methods use a combination of the methods 
of Edixhoven and Yafaev and equidistribution results of Clozel and Ullmo [CU05] established by 
methods from ergodic theory. 

For a more detailed exposition of results concerning the Andre-Oort conjecture for Shimura 
varieties, we refer to the survey article of Noot |Noo04| . 



Drinfeld modular varieties 

Drinfeld modular varieties are a natural analogue of Shimura varieties in the function field case. 
They can be interpreted as moduli spaces for Drinfeld A-modules over a global function field F 
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of a given rank r with ZC-level structure, where A is the ring of elements of F that are regular 
outside of a fixed place oo and K C GL r (A^) is a compact open subgroup with A F the ring of 
adeles of F outside oo. 

One can define special subvarieties of a Drinfeld modular variety S = S F r parametrising 
Drinfeld A-modules of rank r in analogy to the case of Shimura varieties. For each finite extension 
F' of F of degree with only one place above oo and integral closure A' of A in F', the 
restriction of Drinfeld ^'-modules to A gives a morphism from the moduli space of Drinfeld 
A'-modules of rank r' (with a certain level structure) to S defined over F' . These morphisms are 
analogues of morphisms induced by a Shimura subdatum. A special subvariety V is defined to 
be a geometrically irreducible component of a Hecke translate of the image of such a morphism. 
A special point is a special subvariety of dimension 0. 

In fact, we can interpret each special subvariety V as a geometrically irreducible component of 
a Drinfeld modular subvariety which is the union of Galois conjugates of V over the corresponding 
extension F' of F. A Drinfeld modular subvariety X is the image of the composition of an above 
morphism defined by the restriction of Drinfeld ^'-modules to A with a morphism given by 
a Hecke correspondence. Such a composition, called inclusion morphism, is associated to an 
extension F' /F of the above type and an A^-linear isomorphism b : (A F ) r — > (A F ,) r ' encoding 
the involved Hecke correspondence. We say that F' is the reflex field of X and its geometrically 
irreducible components. 

In [PinlOj . Pink constructs the Satake compactification of a Drinfeld modular vari- 

ety S r Flc . It is characterized up to unique isomorphism by a certain universal property. If K, is 
sufficiently small in a certain sense, there is a natural ample invertible sheaf C r F ^ on S F ^. This 
allows us to define the degree of a subvariety of S FIC as the degree of its Zariski closure in S F1C 
with respect to C F jq. The degree of a subvariety can be seen as a measure for the "complexity" 
of the subvariety. 

Andre-Oort Conjecture for Drinfeld modular varieties 

The following analogue of the Andre-Oort conjecture was formulated by Breuer in [Brell| : 

Conjecture 1. Let S = S FK be a Drinfeld modular variety and E a set of special points in 
S. Then each irreducible component over Coo of the Zo,risk.i closure of X] is ci speciol suhvciriety 
ofS. 

Breuer [Brell] proved this analogue in two cases. Firstly, when the Zariski closure of S is a 
curve, and secondly when all special points in S have a certain behaviour at a fixed set of primes. 
Earlier in |Bre05| . he proved an analogue of the Andre-Oort conjecture for products of modular 
curves in odd characteristic. These proofs use an adaptation of the methods of Edixhoven and 
Yafaev in [EY03], [Edi05 and [Yaf06 . The results are unconditional because GRH holds over 
function fields. 

In this thesis, we extend the arguments of Breuer using an adaptation of the methods of 
Klingler and Yafaev in |KY10| . Our main result is the following theorem: 

Theorem 2. Conjecture U\ is true if the reflex fields of all special points in S are separable 
over F. 

Since the reflex field of a special point in a Drinfeld modular variety 5*^^ is of degree r over F, 
special points with inseparable reflex field over F can only occur if r is divisible by p = char(F). 
So Theorem [2] implies 
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Theorem 3. Conjecture [T] is true ifr is not a multiple of p = char(i ? ). 

Sketch of the proof of Theorem [2] 

First reductions We need to show that a geometrically irreducible subvariety Z of Sp^ 
containing a Zariski dense subset of special points with separable reflex field over F is a spe- 
cial subvariety. An induction argument shows that it is enough to show the following crucial 
statement: 

Theorem 4. Let E be a set of Drinfeld modular subvarieties of S of dimension d whose union 
is Zariski dense in a subvariety Z C S of dimension > d which is defined and irreducible over F. 
Then, for almost all X € E, there is a Drinfeld modular subvariety X' of S with X C X' C Z . 

In |KY10j , Klingler and Yafaev perform the same induction, however they work with special 
subvarieties instead of certain unions of their Galois conjugates (Drinfeld modular subvarieties 
in our case). 

In the proof of this statement, we can assume w.l.o.g. that 

— K is sufficiently small such that the degree of subvarieties of S = S r F K is defined, and 

— Z is Hodge generic, i.e., no geometrically irreducible component of Z is contained in a proper 
Drinfeld modular subvariety of S. 

Degree of Drinfeld modular subvarieties We give a classification of the Drinfeld modular 
subvarieties of S and then use it to show the following unboundedness result: 

Theorem 5. If E is an infinite set of Drinfeld modular subvarieties ofS, then deg X is unbounded 
as X varies over E. 

Note that, for a special subvariety V which is a geometrically irreducible component of a 
Drinfeld modular subvariety X, the union of the Galois conjugates of V over its reflex field is 
equal to X. Therefore, degX measures both the degree of V and the number of Galois conjugates 
of V. So our unboundedness statement tells us that it is not possible that in an infinite family of 
special subvarieties V, the degrees and the number of Galois conjugates of V are both bounded. 
Since we can exclude this case, we only need an adaptation of the Galois-theoretic and geometric 
methods in |KY10| and do not need equidistribution results as in [C~TJ05j . 

Geometric criterion We deduce a geometric criterion for Z being equal to S. It is a key 
ingredient of our proof of Theorem 2] and says that Z is equal to the whole of S provided that Z 
is contained in a suitable Hecke translate T gp Z of itself. A similar geometric criterion appears in 
the proof of Klingler and Yafaev in the classical case. 

Theorem 6. Suppose that K = K 9 x K^) w fth fc p c GL r (F p ) and assume that Z C T gp Z for 
some g v € GL r (F p ) and Z Hodge-generic and irreducible over F. If, for all k\,ki G Kp, the cyclic 
subgroup of PGL r (F p ) generated by the image of k% ■ g v ■ is unbounded, then Z = S. 

The proof of this theorem is based on two results: 
(i) Zariski density 

We define the T^ p +T h -i -orbit of a geometric point x G S^Coo) to be the smallest subset of 
S^Coo) containing x which is invariant under IV and T h -i. We show that the Th p +T.-i- 
orbit of an arbitrary point x £ 5(Coo) is Zariski dense in the geometrically irreducible 
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component of S containing x provided that hp G GL r (i ? p ) is chosen such that the cyclic 
subgroup of PGL. r (i ? p ) generated by the image of hp is unbounded, 
(ii) A result of Pink [Pin971 Theorem 0.1] on the Galois representations associated to Drinfeld 
modules implies that the image of the arithmetic etale fundamental group of a geometri- 
cally irreducible component of Z is open in Gh r (F v ), see Theorem 4 in [BP05J. Here we 
need our assumption that Z is Hodge-generic. 

Induction Our final step of the proof of Theorem H] consists of an induction which uses a 
Hecke correspondence with specific properties. By induction we show the following statement: 

Theorem 7. Let X be a Drinfeld modular subvariety of S associated to F'/F and b : (A^) r ^> 
(A^,) r ' and assume that X is contained in a Hodge-generic subvariety Z C S which is irreducible 
over F. 

Suppose that T gp is a Hecke correspondence localized at a prime p with the following prop- 
erties: 

(i) gp is defined by some g' , G GL r /(F p ',) where p' is a prime of F' lying over p, i.e., g v = 
b' 1 o g' pl o b. 

(ii) gp satisfies the unboundedness condition in Theorem® i.e., K. = JCp x K,^ with /C p C 
GL r (F p ) and, for all k%, ki G JCp, the cyclic subgroup of PGL r (F p ) generated by the image 
of k\ ■ gp ■ hi is unbounded, 

(Hi) If i : S' — > S is an inclusion morphism with X C l(S'), then the Hecke correspondence T' 
on S' defined by g' p , satisfies (ii) and deg T" = deg T gp , 

(iv) degX > degCZ^) 2 "- 1 • (degZ) 2 ' for s := dimZ - dimX. 
Then there is a Drinfeld modular subvariety X' of S with X C X' C Z. 

We perform an induction over s := dimZ — dimX. Property (i) implies that X C T g X, in 
particular we therefore have 

iczny. 

The lower bound (iv) for degX now says that X cannot be a union of geometrically irreducible 
components of ZnT gp Z. Therefore we find an irreducible component Z' over F of Zf}T gp Z with 
X C Z' and dimZ' > dimX. There are two cases: 

If Z' = Z, we have Z C T gp Z and conclude by Theorem that Z = S, so the conclusion of 
Theorem H] is true with X' = S. 

If Z' C Z, then dimZ' < dimZ because Z is irreducible over F. We replace Z by Z' and 
apply the induction hypothesis. In this step, it is possible that Z' is not Hodge-generic any more. 
In this case, we replace S by a smaller Drinfeld modular variety S' and show that (i)-(iv) are 
still valid in S' using our property (iii). 

Choice of a suitable Hecke correspondence To finish the proof of Theorem HI by Theorem [7] 
we need to show that, for almost all IeS, there is a Hecke correspondence T gp localized at a 
prime p with the properties (i)-(iv). To construct such a T gp for a X G S, we need the prime p 
to satisfy specific conditions under which we call the prime good for X: 

Definition 8. Let X be a Drinfeld modular subvariety of S r F ^ associated to F'/F and b : 

(A^) r ^> (Ap,) r ' . A prime p of F is called good for X C S r Flc if there is an s p G GL r (F p ) such 
that the following holds for the Ap-lattice A p := s p • A^: 
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(a) K = JCp x where /C p = SplC(p)sp 1 for the principal congruence subgroup /C(p) of 
GL r (A p ), 

(b) 6p(A p ) is an A' <g> A A p -submodule of (A' ®a A v ) r ' , 

(c) there exists a prime p' of F' above p with local degree 1 over F. 

Theorem 9. If p is a good prime for a Drinfeld modular subvariety X C S r Fl( -, then there is a 
Hecke correspondence T gp localized at p satisfying (i)-(iii) from Theorem^ with 

degT gp = \k(p)r\ 

where k(p) denotes the residue field of p. 

We show this theorem by defining 

g p : = Spdiag(vr p " 1 ,l,...,l)s F r 1 

for a uniformizer 7r p at p. In the proof, it is crucial that /C p is not a maximal compact subgroup 
of GL. r (i<p), which is guaranteed by condition (a) in the definition of good prime. Otherwise we 
are not able to satisfy the unboundedness condition (ii). 

However, (a) is a very strict condition on the prime p: For a fixed level K it can only be 
satisfied at most at a finite set of primes because /C is maximal compact at almost all primes. 
Since (b) and (c) are both satisfied only for an infinite set of primes of density smaller than 
one, for a fixed level /C, in general we cannot find a prime p satisfying (a)-(c). We get rid of this 
problem by starting with a prime p for which there is an s p € GL r .(i ? p ) such that 

(a') K = SpGMAp^ 1 x /C(P) 

and also (b) and (c) are satisfied. With an effective version of Cebotarev's theorem which 
relies on the correctness of GRH for function fields we can show that such a prime satisfying an 
upper bound for \k(p)\ exists provided that degX is large enough. 

In this situation we consider the Drinfeld modular variety S := S r F ^. with K, = s p /C(p)s p _1 x 
which is a finite cover of S = S FK -. The conditions (a)-(c) from Definition [8] are satisfied for 
some Drinfeld modular subvariety X of S lying over X, i.e., p is a good prime for X <Z S. By 
Theorem El we then find a Hecke correspondence T 9p on S localized at p satisfying (i)-(iv) from 
Theorem [7] for X C S where (iv) is ensured by the above upper bound for |A;(p)|. 

Since degX is unbounded as X ranges over £ by Theorem [5j this works for almost all X € X. 
For these X Theorem [7] gives a Drinfeld modular subvariety X' of S with X C X' C Z. The 
image X' C S of X' under the covering map S — > S then satisfies the conclusion of Theorem [H 

Difficulties in the inseparable case 

Unfortunately, the above methods do not work in the inseparable case, i.e., if £ in Theorem 2] 
contains Drinfeld modular subvarieties of S with inseparable reflex field. This is caused by the 
fact that every prime ramifies in an inseparable field extension. Therefore, for a Drinfeld modular 
subvariety with inseparable reflex field, there is no prime for which condition (c) in Definition [8] 
is satisfied. So we cannot apply Theorem [9] to find a Hecke correspondence satisfying (i)-(iii) 
from Theorem [7J 

Also other approaches to find such Hecke correspondences fail. For example, if X is a Drinfeld 
modular subvariety of dimension with purely inseparable reflex field F'/F and p any prime of 
F, then a Hecke correspondence T 9p localized at p satisfying (i) of Theorem UJ does not satisfy 
the unboundedness condition (ii) in Theorem [7J Indeed, in this case there is exactly one prime 
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p' of F' above p with ramification index r and, if 7r p / € F^, is a uniformizer, then 1, 7ry, . . . , 7Tp," 
is an Fp-basis of F',. Therefore, if g v G GL r (F p ) is defined by g' p , = tt^, £ GLi(F p ',) as in (i) of 



Theorem [71 then g v is a conjugate of the matrix 

/ ^ \ 

1 



k 



€ GL r (F p 



V 1 / 

for 7T p := if,. Its r-th power is a scalar matrix, hence the cyclic subgroup of PGL r (F p ) generated 
by the image of g p is bounded and we cannot apply our geometric criterion (Theorem ED for the 
Hecke correspondence T gp . 

Organization of the paper 

After discussing preliminaries in Section [IJ we define Drinfeld modular varieties for arbitrary 
level /C C GL r (Ap) as quotients of fine moduli schemes of Drinfeld modules in Section [2j 

In Section [3j we first define projection morphisms and Hecke correspondences on Drinfeld 
modular varieties. Then we define inclusion morphisms of Drinfeld modular varieties which 
allow us to define Drinfeld modular subvarieties and special subvarieties of a Drinfeld modular 
variety S. Subsequently, we show various properties of these morphisms, we give a classification 
of the Drinfeld modular subvarieties of S and describe the Galois action on the sets of Drinfeld 
modular subvarieties and irreducible components of S. 

In Section HI we define the degree of subvarieties of a Drinfeld modular variety using the 
Satake compactification constructed in [PinlOj and discuss some of its properties. We then show 
our unboundedness statement for the degree of Drinfeld modular subvarieties (Theorem [5]) . 

The next two sections are devoted to the proof of our geometric criterion for being a Drinfeld 
modular subvariety (Theorem [6|) . Section [5] deals with Zariski density of T g + T^-i-orbits and in 
Section Owe give the proof of the actual criterion. 

In Section [7J we first define good primes for Drinfeld modular subvarieties. We then explain, 
for a fixed Drinfeld modular subvariety, how we can find a suitable Hecke correspondence at a 
good prime as in Theorem [9l The last subsection of Section [7J is devoted to find a good prime p 
satisfying an upper bound for \k(p)\ for a given Drinfeld modular subvariety after passing to a 
finite cover of S. 

In Section [HI we finally conclude the proof of Theorem [3] by proving Theorem [7] and applying 
the results of the previous sections. Here we also explain why Theorem 0] implies our main result 
(Theorem E]). 



1. Preliminaries 

1.1 Notation and conventions 

The following notation and conventions will be used throughout this paper: 

— Fg denotes a fixed finite field with q elements. 

— For an F g -algebra R, we denote by R{t} the ring of non-commutative polynomials in the 
variable r with coefficients in R and the commutator rule rA = \ q r for A € R. 

— F always denotes a global function field of characteristic p with field of constants ¥ q and 
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oo a fixed place of F. 
— For a pair (A, oo), we use the following notation: 
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discrete valuation ring of A p 


Hp) 


residue field of p 


c 


completion of an algebraic closure of F^ 


A f F 


ring of finite adeles of F (i.e., adeles outside oo) 


a£ p 


ring of finite adeles of F outside p (i.e., adeles outside p and oo 


A 


profinite completion np^oo ^P °f ^ 


Cl(F) 


class group of A 



— A place p ^ oo of F is said to be a prime of F. We identify a prime p of F with a prime 
ideal of A. 

— For a place p and a finite extension F' of A , we set A p ' := F' ®p F p and A p := A' ^>a A p . 
We identify F p with np'|p-^p' an d ^.p with np'ip^p' the canonical isomorphisms. For a 
second finite extension F" of A, we use the analogous conventions and notations. 

— For a subfield A C Coo we denote by A sep the separable and by A the algebraic closure of 
A' in Cqo- Each A- automorphism of A sop has a unique continuation to a A- automorphism 
of A. Therefore, we can and do identify the absolute Galois group Gk '■= Gal(A sep /A) 
with the automorphism group Aut^(A). 

For the formulation of algebro-geometric results, we use the following conventions: 

— Unless otherwise stated, variety means a reduced separated scheme of finite type over Cqo 
and subvariety means a reduced closed subscheme of a variety. We identify the set A (Coo) 
of Coo-valued points of a variety X with the set of its closed points. 

— For a subfield A C Cqo, a variety A together with a scheme Xq of finite type over A and 
an isomorphism of schemes ax ■ Xq^c^ —> X is called a variety over A. We often write 
X in place of (A, Xo,ax) and identify A^Cm with X via ax if this leads to no confusion. 
Such a variety X is called A -irreducible if Ao is irreducible. Note that a variety over A is 
also a variety over A' if A C A' C Coo- 

— Let X' = Xq c and X = AV^Coo be two varieties over A. A morphism X' — > A is said to 
be defined over A if it is the base extension to Coo of a morphism A — >• Ao of schemes 
over A. 

— For a variety A over A, a subvariety A' ^ A is said to be defined over A if X' is a variety 
over A and the closed immersion X' A is defined over A. 

— For a variety A = Ao^oo over ^ an d a subfield A' C Cqo containing A, we denote by 
A(A') the set of A'-valued points of Ao. Note that A(A') is naturally a subset of the set 
of closed points of A, in fact it is equal to the set of closed points of A defined over A', 
see, e.g., p. 26 of [Bor91]. 

— The degree of a finite surjective morphism A — > Y of irreducible varieties is defined to 
be the degree of the extension of the function fields Coo(A)/Coo(50- We say that a finite 
surjective morphism / : A — >■ Y of (not necessarily irreducible) varieties is of degree d if for 
each irreducible component Z of Y 

deg(/|Ai : X t -> Z) = d. (1.1.1) 

irr. components Xj of f~ 1 (Z) 
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1.2 Galois action on subvarieties 

Let X = Xq Coo be a variety over K C Coo- Then there is a natural action of the absolute Galois 
group Gk on X which induces an action of Gk on the set of subvarieties of X which are 
defined over K. 

Proposition 1.2.1. A subvariety of X which is defined over K is already defined over K if and 
only if it is defined over K sep and Gx-stable. 

Proof. This follows from Theorem AG. 14.4 in [Bor91]. □ 

Proposition 1.2.2. Let X = Xq^ Coo De a variety over K C Coo. Then the irreducible components 
of X are defined over K sep . The absolute Galois group acts transitively on the set of irreducible 
components of X if and only if X is K -irreducible. 

Proof. Corollary 5.56 (2) in [GW10J implies that the irreducible components of X are defined 
over K sep . The second statement is a direct consequence of Proposition 11.2.11 □ 



2. Drinfeld modular varieties 

2.1 Analytic description and modular interpretation 

We consider the following datum: 

— A global function field F together with a fixed place oo, 

— a positive integer r, called rank, and 

— a compact open subgroup K, of GL r (A^), called level. 

We define Drinf eld's upper half-space over F of dimension r — 1 by 

tip := P r_1 (Coo) \ {-Poo-rational hyperplanes}. 

Proposition 2.1.1. The points of Drinfeld's upper half-space £l r F are in bijective correspondence 
with the set of injective Foo-linear maps F^ Coo up to multiplication by a constant in C^ 
via the assignment 

\uj\ : • • • : toy] i — > [(ai, . . . , a r ) i— > a\U)\ + • • • + a r u r \. 
Proof. We have the canonical bijection 

Coo — > {-Foo-linear maps F^ -> Coo} 
(wi, . . . ,<jj r ) i — > (ai, . . . , a r ) h4 a\U)\ + • • • + a r u) r 

The Foo-linear map (a%, . . . , a r ) i-> a\ui\ + • • • + a r uj r is injective if and only if uj\, . . . ,uj r are F^- 
linearly independent, i.e., if and only if {oj\, . . . ,u r ) does not lie in a T^oo-rational hyperplane. 
Hence, factoring out the action of C^ on both sides, we get the desired bijection of Drinfeld's 
upper half-space with the set of injective Foo-linear maps F^ <^-> Coo up to multiplication by a 
constant in C^. □ 

In the following, we use the identification given by Proposition 12.1.11 and denote the element 
of Q r F associated to an injective Foo-linear map u : F^ <-)■ Coo by 57. 

Using this notation, one sees that GL r (F) acts on Q r F from the left by 

T -uj :=ojoT- 1 (2.1.1) 

for T E GL r (F) considered as automorphism of F^. 
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Remark: This action can also be described regarding £Yp (IS ii subset of F r - 1 (C 00 ). A short 
calculation shows that, for ui = [uj\ : ••• : uj r ] G £l F C F r_1 (C 00 ) and T G GL r {F) with 
T _1 = (sij), we have 

T ■ lo = [sii^i + • • • + s r \(jj T s\ r 0Ji + • • • + s rr co r ]. (2.1.2) 

In other words, the action of a T G GL r (F) on Q r F C P r_1 (Coo) is the restriction to Q r F of the 
natural action of (T' l ) T G GL r (Coo) on P^Coo). 

Theorem 2.1.2. There is a normal afhne variety S F) q of dimension r — 1 over i 7 together with 
an isomorphism 

SSyeOCoo) = GL r (F) \ (J2J, x GL r (A£)//C) (2.1.3) 
of rigid-analytic spaces, where GL r (A F )/)C is viewed as a discrete set. 

Remarks: 

— In the proof, we define a variety S r F ^ over F together with a rigid-analytic isomorphism 
of the form ()2. 1.3|) up to isomorphism over F. This variety is called the Drinfeld modular 
variety associated to the datum {F, r, JC) . We will identify its Coo-valued points with double 
cosets in GL r (F)\(0£ x GL r (A f F )/JC) via the rigid-analytic isomorphism given in the proof. 

— Later (Corollary I3.1.4p . we will show that S FK - is a non-singular variety if JC is sufficiently 
small in a certain sense. 

Proof. The proof consists of several steps: 

(i) We use Drinfeld's construction of Drinfeld moduli schemes in |Dri74| to define S r F ^ and 

a rigid-analytic isomorphism of the form (|2.1.3p for JC = IC(I) C GL r (A) a principal 
congruence subgroup modulo a proper ideal I of A. 

(ii) For g € GL r (A f F ) n Mat r (i) and proper ideals I, J of A with JA r C gIA r , we define 
morphisms 

. or , or 

^9 ■ a F,K{3) f D .F,/C(J)> 

which are defined over F and satisfy the compatibility relation 

7t g OTT g , = TT ggl . 

In particular, these morphisms define an action of GL r (A) on S F ^y 

(iii) We use this action to extend the definition in (i) to all compact open subgroups JC C 
GL r (i). 

(iv) We extend the definition in (ii) to get morphisms 

for arbitrary JC, JC' C GL r (A) and g G GL r (A^) with JC' C g~ x JCg. 

(v) We define S T FK ^ and a rigid-analytic isomorphism f3 of the form (|2.1.3p for arbitrary lev- 
els JC C GL r (A^). We use the morphisms ir g from (iv) to show the well-definedness of 
(S F!C , [3) up to isomorphism over F. 

Step (i) : Recall that a Drinfeld A-module of rank r over an F-scheme S is a line bundle C over 
S together with a ring homomorphism ip from A to the ring End^ (C) of F g -linear endomorphisms 



9 



Patrik Hubschmid 



of C (as a group scheme over S) such that, over any trivializing affine open subset Spec(-B) C S, 
the homomorphism ip is given by 

A — > EndF 9 (G aiS pcc(B)) = B{t] 

f ■ v-^ m ( a ) L / \ 2 

a I ► <Pa = 2^i=0 b iW T 

where r denotes the (/-power Frobenius and, for all a € A, 

(a) q m ^ = \A/(a)\ r , 

(b) b m{a) (a)eB*, 

(c) bo(a) = 7(a) where 7 is the ring homomorphism F — >■ /? corresponding to the morphism 
of affine schemes Spec(-B) <— >■ 5 — >• Spec(-F). 

For a proper ideal / of A, an I -level structure on a Drinfeld module jC/S of rank r is an A-linear 
isomorphism of group schemes over S 

a : {r l /A) T — > £ 7 := f| ker(£ 4 £), 

where (I -1 /j4) r denotes the constant group scheme over S with fibers /A) r . 

Remark: In general, one can also define Drinfeld A-modules together with level structures 
over A-schemes instead of F-schemes. In this case, one uses a different definition of /-level 
structure to deal smoothly with the fibers over p G Spec(A) dividing /, see, e.g., Section 1.6 
in [DH87j . 

By Section 5 of [Dri74] . the functor 

F-schemes — > Sets 
J~p l : S 1 — > {Isomorphism classes of Drinfeld ^4-modules 

of rank r over S with /-level structure} 

is representable by a nonsingular affine scheme of finite type over F of dimension r — 1. Note 
that, in |Dri74j . it is actually shown that the corresponding functor from the category of schemes 
over Spec A to the category of sets is representable if I is contained in two distinct maximal 
ideals of A. The argument in the proof shows that it is enough that / is a proper ideal of A if 
we work with schemes over Spec F. 

By our conventions in Subsection II. 1| the base extension to Coo of the above representing 
scheme is a non-singular variety of dimension r — 1 defined over F. We denote it by Sp^^y 
where IC(I) denotes the principal congruence subgroup modulo /. By Proposition 6.6 in |Dri74j . 
there is a natural isomorphism 

Sf,jc(/)(Coo) = GL r (F) \ (fij. x GL r (Aj)//C(/)) (2.1.4) 

of rigid-analytic spaces. Under this isomorphism, the equivalence class of an element (5J, h) S 
Q r F x GL r (A^) is mapped to the Coo-valued point of S r FK ^ corresponding to the Drinfeld module 
over Cqo associated to the lattice 

A := u(F r n hA r ) 
with /-level structure given by the composition of the isomorphisms 

{r l /A) r A /- 1 • (F r n hA r )/{F r n hA r ) ^ r 1 ■ a/a, 

where the first isomorphism is given by the multiplication by h on (A^,) r via the natural identi- 
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fications 

{r l /A) r r l A r /A r 
r 1 ■ {F r n hA r )/(F r n hA r ) r 1 ■ hk r jhk 

by the inclusion maps. For a detailed survey of this modular interpretation, we refer to the 
explanations in Section II. 5 in [DH87J. 

Step (ii): Let /, J be proper ideals of A and g E GL. r (A£)nMat r (A r ) such that JA r C gIA r . 
For such a datum, we construct a morphism of functors 

-> F,J > * F,I- 

The given g £ GL r (Ap,) with matrix entries in A induces a surjective endomorphism of (A F Y/A r 
with kernel g~ 1 A r /A r . Since there is a natural isomorphism (F/A) r = (Ap/A) r induced by the 
inclusion maps, we therefore get a surjective homomorphism of A-modules 

(F/A) r -A {F/A) r . 

The kernel U := ker g of this homomorphism is contained in (J -1 /A) r because we have g~ 1 A r C 
J^IA r C J~ x A r by our assumption JA r C gIA r . 

For any Drinfeld module C over an .F-scheme S with J-level structure a : (J~ 1 /A) r — > Cj, 
the image of U_ C (J~ 1 A4) r under a is a finite ^4-invariant subgroup scheme of C over S. Hence, 
the quotient £ := C/a(JJ) is also a Drinfeld A-module over S and contains the finite subgroup 
scheme Cj/a(U). Since g(J _1 /A) r = (J~ 1 /A) r /U, there is a unique A-linear isomorphism a' of 
group schemes over S such that the diagram 

(J- 1 /AY ~ : Cj 



g(J-i/A) r ^£j/a(U) 

a 

commutes, where n : Cj — > Cj/a(U_) is the canonical projection. By the assumption JA r C glA r , 
we have (I -1 /A) r C <?( J~ 1 /j4) r . Restricting the isomorphism a' to the I-torsion gives therefore 
an /-level structure 

of C. 

The assignment (£, a) — > (£', a / |(/-i/A) r ) induces a morphism of functors F FJ — > T T FI and 
therefore a morphism 7r 9 : S^wn — > <Sjf/c(i) defined over F. 
A simple verification shows that 7r 9 is given by 

[(w.^i-^Kw,^- 1 )]- (2-1-5) 
on Coo-valued points identified with double cosets via the isomorphisms (|2.1.4p . 
This description implies that we have the relation 



for two such morphisms 



. or i nr 

% • °F,/C(/') > D F,/C(7)' 

. or . or 

^S' • °F,/C(/") > D F,/C(/')' 
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In particular, we have an action of GL r (A) on S^jcm by morphisms defined over F and hence 
also on isomorphism classes of Drinfeld yl-modules with /-level structure. 

Step (iii): Using the action of GL r (j4) on S r Ft( ~^ by the morphisms 7r g , we define, for a 
compact open subgroup /C C GL r (A), 

or nr I v~ 

a F,K ■- a F,K(I)' > 

where /C(J) is a principal congruence subgroup contained in /C. Since JC(I) acts trivially on S r Flc ^y 
this quotient can be viewed as a quotient under the action of the finite group K,/K(I) by mor- 
phisms defined over F. Hence, it is an affine variety defined over F of dimension r— 1 = dim S F!( -^ 
which is normal because S Flc ^ is normal (see, e.g., Section III. 12 in |Ser88j ). By the descrip- 
tion ([2.1. 5p of the above action on Coo-valued points, the rigid-analytic isomorphism (|2.1.4j) 
induces one of the form 

Pi ■ (<%:(/)/£) (Coo) = GL r (F) \ (fij, x GLr(A f F )/K). (2.1.6) 

It remains to show that, up to F-isomorphism, (S T F1C ^/K,, (3j) is independent of the choice 
of /. For this note that, for two ideals /, J with I C J, the functors 

s^r FjI {s)/K{j), 

are isomorphic, where the quotient is taken with respect to the action of GL r (A) on F FI (S). 
The isomorphism is given by restricting /-level structures to (J~ l /A) r . 
Therefore, we have a natural isomorphism 

^F,K(I)/^( J ) — Sf,K(J) 
defined over F, which is compatible with the isomorphisms (|2.1.6|) and ([2.1. 4|) . 
So for two ideals J, I with K,{I) C /C and /C(J) C K, we have 

D F,1C(I)> S F,K.{InJ)l ^ — D F,1C(J)/ > 

and these isomorphisms are compatible with the isomorphisms (|2.1.6|) . Therefore, we can well- 
define S F1C up to isomorphism over F by S r FK -^ together with the rigid-analytic isomorphism 

Step (iv): Let g G GL r (A^) n Mat r (i) and /C,/C' C GL r (i) with K! C g^Kg be given. 
Choose proper ideals I and J of A such that IC(I) C /C, /C(J) C /C' and JA r C gIA r . Then, by 
Step (iii), 

5r or I 
F,K> ■— *V,/C(J)/ / ^ ' 

5r or I v~ 

F,K ■— ^F,K.(I)/ 1 ^ 

and, by Step (ii), there is a morphism 



. or , or 

n 9 ■ D F,/C(J) * D F,K.(I)- 

Since ghC'g^ 1 C fC, for each k' € /C', there is a k € fC such that gk' = kg and 

TT g o 7T fc / = TT k O -K g 

as morphisms S r F!C ^jj — > Sp^jy So the composition of ir g with the canonical projection 
^Fic(i) ~^ Spfc is /C'-invariant and induces therefore a morphism 7r g : S FK -, — > S FIC such that 
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the diagram 



cr a qr 

°F,K{J) J F,K{I) 



s 



FX' 



s 



FX 



commutes, where the vertical maps are the canonical projections. By (j2.1.5|) . using the iden- 
tifications S F!C (Coo) and S r Ftc , (Coo) with double coset spaces given by (|2.1.6p . this morphism 

Kg '■ S FX' ~^ S F,K is given by 

[(u,h)]^[{uM- l )\ (2.1.7) 
on Coo-valued points. Therefore, we have defined 7r g independently of the choice of / and J if all 
matrix entries of g lie in A. 

If g G GL r (A f F ) is arbitrary, there is a A G A \ {0} such that A • g G GL r (A F ) n Mat r (^4). We 
then define 7r g := w\.g. This morphism is independent of the choice of A because we have 

[(oj,h(\gr 1 )] = [(u,hg- 1 )} 

in S^^Cqo) for all A G A \ {0} and [(lj, h)] G S F ^(Cqo)- In particular, ir g is still described 
by (|2.1.7p on Coo-valued points. 

The latter implies the relation 



(2.1.8) 

for two such morphisms ir g : S FK -, — > S FK - and ir g i : S FK -„ — > S FK -,. 

Step (v): For an arbitrary compact open subgroup K, C GL. r (A£), we choose a g G GL. r (Ap,) 
such that gfCg^ 1 C GL r (A). The composition of the rigid-analytic isomorphism (|2,1.6p 

^ 9 -i( C oo) = GL r (F) \ (J2J, x GL r (A f F )/glCg- 1 ) 
and [(tJ, h)\ i— > [(tJ, hg)] gives a rigid-analytic isomorphism 

Po ■ S r F>gKg -i{^oo) = GL r (F) \ (J2J, x GL r (A f F )/JC). 
For another g' G G\j r {A F ) with g'K,g'~ l C GL r (A), the diagram 



GL r (F) \ (n r F x GL r (Aj)//C) 



commutes. By the relation (|2.1.8p . the vertical arrow vr„/ g -i is an isomorphism over F with 



inverse 7r gg /-i . 



Therefore, we can well-define S FK - up to F-isomorphism as S F g ^ g -i together with the rigid- 
analytic isomorphism f3 g . Since we have seen in Step (hi) that S Fg £ g -i is a normal affine variety 
of dimension r — 1 defined over F, the same holds for S r FK ^. □ 
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Proposition 2.1.3. Let C be a set of representatives in GL r (A^) for GL r (F) \GL r (A F )/K, and 
set T g := gKg~ x n GL r (F) for g £ C . Then the map 

]J T g \ n r F — > GL r (F) \ {n r F x GL r (A£)//C) 
gee 

p) g i — ► [(uJ, g)} 

is a rigid analytic isomorphism which maps for each g G C the quotient space T g \ Q r F to the 
Coo-valued points of an irreducible component Y g of Sp^ over Coo- 

This theorem implies that the irreducible components of S r F ^ over Coo ar e disjoint and that 
C is in bijective correspondence with the set of irreducible components of S F!<: over Coo where 
g G C corresponds to the irreducible component Y g with Yg(Coo) — T g \ £l r F via the isomorphism 
given in the theorem. 

Proof. A direct calculation shows that the considered map is well-defined and bijective. Since 
GL r (A^)//C is viewed as a discrete set, the map is also an isomorphism of rigid analytic spaces. 

Therefore, it only remains to show that the quotient spaces T g \ Hp, g £ C, are irreducible 
as rigid-analytic spaces because the irreducible components of the rigid analytification of S FIC 
coincide with the rigid analytification of the irreducible components of S FI q (see, e.g., Theorem 
2.3.1 in |Gon99p . Since S r F ^ is a normal variety and therefore its rigid analytification a normal 
rigid analytic space, this is equivalent to the connectedness of the quotient spaces T g \ Q F . The 
latter follows because Q r F is a connected rigid-analytic space by Theorem 2.4 in [Kohllj . □ 

Definition 2.1.4. For a C^-valued point p = [(u, h)] G S , (C 00 ) of a Drinfeld modular variety 
S = S r FK with h G GL r (A f F ) and uj G fl r F associated to oj : F^ Coo, the elements of 

End(p) := {u e Coo : u ■ w(F r ) C uj{F r )} 

are called endomorphisms of p. 

Note that End(p) is well-defined because the homothety class of oj(F r ) C Coo does not depend 
on the chosen representatives u and h. 

Remark: If JC = )C(I) and p G S^^-^Coo) is corresponding to the Drinfeld module (p over 
Cqo associated to the lattice A C Coo, then oj(F r ) = F ■ A, and therefore 

End(p) = F ■ End(ip) 

for the endomorphism ring End(( / 9) C Cqo of (p. 

Lemma 2.1.5. The set End(p) of endomorphisms of p is a field extension of F contained in Coo 
of finite degree dividing r with only place above oo. 

Proof. This follows from the argumentation in the proof of Proposition 4.7.17 in [Gos98] noting 
that the endomorphism ring of a Drinfeld module in generic characteristic is commutative. □ 

Lemma 2.1.6. Each irreducible component X of a Drinfeld modular variety S FI q over Coo con- 
tains a point p G X(Coo) with End(p) = F. 

Proof. Choose oj G £l r F such that oj(F v ) = F0F-^ 2 ©- ■ -©-F-^r with £ 2 , • • • , Cr S Coo algebraically 
independent over F. This is possible because Coo as uncountable field is of infinite transcendence 
degree over the countable field F. 
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Now choose h G GL r (A F ) such that p := [(5J, h)] G X(Coo) (use the description of the 
irreducible components of S FI q over Coo given in Proposition 12.1,3]) . Since 1 G uj(F v ), we have on 
the one hand End(p) C u(F r ). On the other hand, all elements of End(p) are algebraic over F 
because the extension ~End(p)/F is finite. But by the choice of ^> • • • , £r> every element of u>(F r ) 
which is algebraic over F lies in F. Hence, End(p) = F. □ 

2.2 Rank one case 

In the case r = 1 the variety S F r is zero-dimensional and defined over F for any compact open 
subgroup K C GLi(A£) = (a£)*. 

Hence, Sp^ consists only of finitely many closed points and 
it can be set-theoretically identified with 5^ (Coo). By Proposition 11.2.21 the closed points are 
all defined over F sep and the absolute Galois group Gal(F sep /F) acts on S FfC . 
Drinfeld's upper half-space Qp just consists of one point. Therefore, we have 

S F>K = F*\(Apy/}C 

as a set. Since (A F )* is abelian, this set can be identified with the abelian group (A F )* / (F* ■ JC). 

Since F* ■ K. is a closed subgroup of finite index of (A F )*, by class field theory, there is a finite 
abelian extension H/F totally split at oo such that the Artin map 

iP H/F : (Aj)* — > G a l(H/F) 

induces an isomorphism (A^)* / (F* ■ K) = Gal(H/ F). In particular we have 

\S Fjlc \ = [H : F\. 

Theorem 2.2.1. If tpn/Fid) = u \h for a g £ (A^,)* and a a G Gal(F scp /F), then the action of a 
on <S"p£ = F* \ (A F )* I K. is given by multiplication with g^ 1 . 

Proof. This follows from Theorem 1 in Section 8 of Drinfeld's article [Dri74] . Note that in this 
article the action of an element g G {A F )* on S F!C = F*\ (A F )* / K. is given by the morphism ir g , 
which is given by multiplication with g^ 1 . □ 

Corollary 2.2.2. The absolute Galois group Gal(F sep /F) acts transitively on Sp K . □ 

3. Morphisms and Drinfeld modular subvarieties 
3.1 Projection morphisms and Hecke correspondences 

Let Spfc be a fixed Drinfeld modular variety. For each g G GL r (A^) and all compact open 
subgroups K' C g- l Kg of GL r (A^), we have a well-defined map 

[(p,h)\ ^ mhg-% [6 - ■ ] 

Theorem 3.1.1. This map is induced by a unique finite morphism n g : S FIC , — > S F!C defined 
over F. 

Proof. In the case that tC and /C are contained in GL r (^4), we already showed the existence of 
a morphism 7r g which is described by ([3.1. 1|) on Coo-valued points in step (iv) of the proof of 
Theorem 12.1. 2 i If K. and K! are arbitrary with K! C g~ l K.g, there is an s G GL r (A^) with 

slC's- 1 C sg- l JCgs- 1 C GL r (i). 
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By our definition in the proof of Theorem 12,1.21 we have S FIC , = S' FsK -, s _ 1 , where under the 
identifications of Coo-valued points introduced in step (v) of the proof of Theorem 12.1.21 

[(u,h)] G 5^,(Coo) <-> K^hs- 1 )] G SJ-rfv.-l (€«,). 

Similarly, we have S F]C = S^-i^-i with 

[(u,h)} G ^(Coo) <— ► [(w,^- 1 )] G ^-^.-xCCoo). 

Using these identifications, we can define the morphism 7r 9 '■ S fk -, ^ S fk - as 7ri : S^,^,^! — > 
^sp-i^gs-iC^-oo)- Since the latter morphism tti is given by [(w, /i)] i-> on Coo-valued 

points, by the above identifications ir g is indeed described by (|3.1.ip on Coo-valued points. So we 
have shown the existence of the morphism n g defined over F. It is uniquely determined by (|3,l.ip 
because Coo is algebraically closed. 

It remains to show finiteness of the morphism ix g . By the above definition of a general 
morphism 7r g , it is enough to show it for morphisms of the form 7Ti : S FIC , — > S' FK - with 

K! c K c GL r (i). 

We first assume that Kl = JC(I) is a principal congruence subgroup. Then tti is the canonical 
projection 

by the construction in the proof of Theorem 12.1.21 Since tC(I) C K acts trivially on S r F ^y the 
quotient Sp^JK, can be viewed as a quotient under the action of the finite group /C//C(I). 
Therefore, -k\ is finite. 

For general subgroups K'c/Cc GL r (^4), choose a proper ideal / of A with K,(I) C /C'. Then 
we have the following commutative diagram of projection maps: 

cr 

°F,K{I) 



or 




or 

°F,K 

We have already shown that the morphisms tti : S r FfC ^ — > S FK -, and t\\ : S^^^ — > S Flc are 
finite. Therefore tti : S r F/c , — >■ S FK - is also finite. □ 

In the following, we call the morphisms tt 9 projection morphisms of Drinfeld modular varieties. 
In the case g = 1 we also call them canonical projections of Drinfeld modular varieties. For two 
elements g,g' G GL r (A F ) and two subgroups K,' C g~ 1 ICg, K" C g' 1 JC'g', by the description on 
Coo-valued points, we have 

n 99' = 7T 9° n g'- (3.1.2) 

Definition 3.1.2. A compact open subgroup K. C GL r (A F ) is called amply small if there is a 
proper ideal I of A and a g G GL r (A F ) such that gK,g~ l is contained in the principal congruence 
subgroup K.(I) C GL r (A). 

Proposition 3.1.3. Let K C GL r (A F ) be amply small, g G GL r (A f F ) and K! C g~ x KLg. Then 
the finite morphism ir g : S FK , — > S FK - is etale of degree [g~ 1 K,g : K.']. Furthermore, if K! is a 
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normal subgroup of g 1 JCg, it is an etale Galois cover over F with group g 1 K,gjK! where the 
automorphism of the cover corresponding to a coset [x] € g~ l K,g/K,' is given by ir x : S r Ftc , — > 

or 

°F,K>- 

Remark: In fact, the condition that some conjugate of K, is contained in a principal congru- 
ence subgroup of GL r (A) could be weakened. Indeed it is enough that there is a prime p such 
that the image of some conjugate of /C in GL r (^4/p) is unipotent (cf. Proposition 1.5 in [PTnlOj). 



Proof. Since K. is amply small, there is an h € GL r (Ap,) and a proper ideal I of A such that 
h~ l K,h C fC(I) C GL r (A). By the relation (|3.1.2p . we have the commutative diagram 



7T _1 



n~ 1 h 

Qr y ,L (If 



a F,h- l Kh °F,K 

where the horizontal morphisms are isomorphisms with (vr^) -1 = ir^-i and (vr g -i/j) _1 = ir^-ig. 
Therefore, we can assume w.l.o.g. that g = 1 and K,' C K, C )C(I) C GL r (A). 

Case (i): Let Kf be a principal congruence subgroup 1C(J) modulo a proper ideal J of A, 
i.e., K! = K{J) < K C K{I). 

Then, by our definition in the proof of Theorem 12.1.21 7Ti : S r F ^,js — > S F]C is the canonical 
projection 

°F,K(J) * a F,K{J)l h - 

We show that K/K(J) acts freely on the closed points of S r Flc ^jy This implies that this projection 
is a finite etale morphism of degree [/C : IC(J)] (see, e.g., Section II. 7 in [Mum70j). By the modular 
interpretation of S r Fjs -^ given in the proof of Theorem l2.1.2l it is enough to show that the action 
of /C//C(J) on isomorphism classes of Drinfeld A- modules over C^, together with J- level structure 
is free. 

Indeed, assume that a coset [k] € /C//C(J) stabilizes the isomorphism class of the Drinfeld 
module ip over Coo associated to a lattice A C Coo together with J- level structure a : (J -1 /A) r — > 
J -1 • A/A. By our definition of the action of GL r (A) on Drinfeld modules with J- level structure 
in the proof of Theorem 12.1.21 this means that there is an automorphism c of ip under which the 
J-level structure a passes into a o k . Note that the restrictions of a and a o k~ l to /A) r 
coincide because k E Rigidity of Drinfeld modules with /-level structure (see, e.g., p. 30 

in |Le09| ) therefore implies that c is the identity. This is only possible if k E IC(J), i.e. if [k] is 
trivial in /C//C(J). 

So we have shown that tt\ : S r F!< -^ — > S FIC = S FK -^/K is an etale cover of degree [/C : K(J)]. 
The group /C//C(J) injects into the automorphism group over F of this cover via [k] (->■ irk- Since 
the degree of the cover is equal to [K, : /C(J)] and S FK ^^ is F-irreducible, the automorphism 
group (over F) is therefore equal to /C//C(J). Furthermore, the cover is Galois because this group 
acts simply transitively on the geometric fibers. 

Case (ii): Let K.' be an arbitrary normal subgroup of IC, i.e., K! < K, C JC(I). 
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Choose a proper ideal J of A such that K( J) C K' and note that the diagram 

ST 



F,K(J) 



(3.1.3) 



F,K(J) 




or 
FMJ) 



/K' 



commutes. Since K! is normal in K, the action of K on S FIC ,j-. induces an action of K/K' on 



the quotient S F)C , = Spjc/n/K!- By the commutativity of the diagram, the variety S FIC is the 
quotient of S FK -, under this action. Furthermore, this action is free on the closed points of S F!C , 
because K/K(J) acts freely on the closed points of S F)C ,jy Therefore, we conclude by the same 
arguments as above that n\ : S FK -, — >• S FK - is an etale Galois cover of degree [K : K'} with group 
K/K' where the automorphism of the cover corresponding to a coset [k] € K/K' is given by 7Tfc. 
Case (iii): Let K' be an arbitrary subgroup of K, i.e., K' C K C K{T). 

As in case (ii) above, choose a proper ideal J of A such that K{J) C K' . The diagram above 
then also commutes and ti\ : S r FfC ^ — >• S r FK , and ti\ : S F n ~^ ^fk are surjective etale 
morphisms by case (i). Furthermore, S FK -,j\ is a non-singular variety as explained in step (i) of 
the proof of Theorem 12.1.21 

Proposition 17.3.3.1 in EGA IV [Gro64] says that if X — > Y is a flat, surjective morphism of 
schemes and X is regular, then Y is also regular. Therefore, S r FIC and S r FjC , are both non-singular 
varieties. 

By Proposition 10.4 in [Har77| . a morphism / : X — > Y of non-singular varieties of the same 
dimension over an algebraically closed field is etale if and only if, for every closed point x € X, the 
induced map T x — > Tft x \ on Zariski tangent spaces is an isomorphism. We can apply this criterion 



because S r F ^,jy ^fk, an< ^ ^FK' are an n on-singular. Since the morphisms tt\ : S FIC ^ 



or 
F,K! 



and 7Ti : S r F ^,j\ — >■ S FIC are etale, the commutativity of the above diagram therefore implies 
that ttj : -»• SJ, )JC is etale and finite of degree [K : K(J)}/[K' : /C(J)] = [K : /C']. □ 

Corollary 3.1.4. If K C GL r (A^,) is amply small, then the Drinfeld modular variety S r F ^ is 
non-singular. 



Proof. See case (iii) of the above proof of Proposition 13.1.31 
Definition 3.1.5 (Hecke correspondence). For g G GL r (A F ) and K g 



□ 



K fl g 1 Kg the diagram 



S 



FXo 




or 

°F,K 



or 
F.K 



is called the Hecke correspondence T g associated to g. For subvarieties Z C S FIC we define 

T g {Z) :=n g (^\Z)). 

Note that T g (Z) is a subvariety of S r FK for any subvariety Z C S FK because ir g is finite and 
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hence proper. The integer 

deg(T fl ) :=[K:Kn g^Kg] 

is called the degree of the Hecke correspondence T g . If K, is amply small, by Proposition 13. 1 .31 it 
is equal to deg n\ . 

3.2 Inclusions of Drinfeld modular varieties 

Let S = S F r be a given Drinfeld modular variety. We consider the following datum: 

— A finite extension F' C Coo of F of degree r/r' for some integer r' ^ 1 with only one 
place oo' lying over oo, and 

— an A^-linear isomorphism b : (A F ) r —■ (A F ,) r . 

Note that the integral closure A' of A in F' is equal to the ring of elements of elements of F' 
regular away from oo' because oo' is the only place of F' lying over oo. 

The above datum defines a subgroup 

K! = (blCb^ 1 ) n GL, r /(A^,) 

of GL r / (Ap,). 

Lemma 3.2.1. The subgroup K! is compact and open in GL r i(A F ,). If K. is amply small, it is also 
amply small. 

Proof. We fix an A^-linear isomorphism b' : (A F ) r — > (A F ,) r with b'(A r ) = A' and set g := 
b'^ 1 ob 6 GL r (Aci). Since K, is compact and open in GL r (A^), there is a proper ideal I of A such 
that the principal congruence subgroup /C(I) is contained in gJCg -1 with finite index. Therefore, 
Kf = ib' gKg- x b'- 1 ) n GL r /(A^,) contains the subgroup K" = (b'IC(I)b'- 1 ) n GL r / (A F ,) with 
finite index. The latter subgroup exactly consists of the elements of GL r /(Ap,) which stabilize 

b'(A r ) = 'A 1 ' and induce the identity on the quotient 'A 1 ' /I-^A 1 ' = (A'/ IA') r ' . Hence, K" is the 
principal congruence subgroup modulo I A' and K! is compact and open in GL r i(A F ,). 

If /C is amply small, there is a proper ideal I of A and an h E GL r (A^) such that hlCh^ 1 C 
/C(I). Therefore tC' is contained in the subgroup 

(6/r 1 /C(/)/i6" 1 )nGL r /(A^,) 

f f 

of GL r /(A^,). This sub group exactly consists of all elements of GL. r /(A^,) which stabilize A := 
bh~ 1 (A r ) C (A F ,) r ' and induce the identity on A/I ■ A. Since these elements are A^v-linear, they 
also stabilize the ^'-lattice A' := A 1 ■ A and induce the identity on A' /I ■ A'. Since A' is a finitely 
generated ^4'-submodule of (A F ,) r with A F , ■ A' = (A F ,) r and A' is a direct product of principal 
ideal domains, A' is a free ^'-module of rank r'. Hence, there is a g' € GL r /(A^, ; ) such that 

A' = g'A' and 

K! C (bh^K^hb- 1 ) n GL r i(A F ,) c g'K^g'- 1 
for I' := I A' . This implies that K! is amply small. □ 

We choose an isomorphism 

V : F r ^ F' r ' 
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of vector spaces over F. By scalar extension to and A F it induces isomorphisms 

pr JP, F /r' 

^ oo r M oo' 

which we also denote by <p. We now define a morphism from the lower-rank Drinfeld modular 
variety S' = S F , K , into S: 

Theorem 3.2.2. There is a finite morphism t F ' b : S' — > S defined over F' which on Coo-valued 
points is given by the injective map 

[(o/./i')] i— »■ [(w'o^^o/i'oft)], 

where u' € W F t and h 1 S GL r /(A F ,). The morphism i Fb is independent of the choice of ip : 
pr ~ ) p' r ' 

Proof. Case (i): We first consider the case where b(A r ) = A' and K = /C(I) is a principal 
congruence subgroup modulo a proper ideal I of A. In this case, K! = (bK,b~ l ) n GL r /(A^ ; ) is the 
principal congruence subgroup modulo I' := I A' (see the proof of Lemma |3.2. 1|) and b induces 
an A-linear isomorphism (I" 1 /A) r — > (i 7-1 /A')' r , which we again denote by b. Therefore, for a 
Drinfeld ^4'-module (£., ip) of rank r' over an F'-scheme with /'-level structure 

the restriction (£, V'U) to A C A' is a Drinfeld A-module of rank r = r' ■ [F' /F] over S 1 and the 
composition 

(/-VA) r A {l'- l /A') T ' Ci 

is an /-level structure on (£, V'U) (note that the /-torsion subgroup scheme Ci of £ coincides 
with the /'-torsion subgroup scheme Cf because / generates /' as an ideal of A'). The assignment 

(£,*P,a)^(£,*P\ A ,aob) (3.2.2) 

defines a morphism of functors from J 7 ^, F to the restriction of F FI to the subcategory of F'- 
schemes (see step (i) of the proof of Theorem 12. 1.21 for the definition of these functors). Therefore, 
we have a morphism 

F' . or' i or 

L F,b ■ °F',K(I') ^ D F,K.(I) 

defined over F'. By Lemma 3.1 and Proposition 3.2 in |Brell| . it is a proper morphism which is 
injective on Coo-valued points. Since S r F , and Sp^f. are both affine schemes of finite type 

over Coo, the morphism L Fb is therefore a proper morphism of finite presentation with finite 
fibers. This implies that i F . is finite by Theorem 8.11.1 of EGA IV [Gro66| . 
Using 

J{F' r ' n tiA> r ') = {uf o ip)(F r n {if- 1 o h' o b)A r ) 
one sees that t F b is given by (j3.2. 1 j) on Coo-valued points. 

Case (ii): For b : (A^) r ^ (A f F/ ) r ' and K C GL r (A^) arbitrary, we choose 

- a g' € GIv(A£,) with g'K'g'- 1 C GL r / (A'), 

— an A^-linear isomorphism b' : (A F ) r —> (A F ,) r ' with b'(A T ) = A' , 
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— a proper ideal I of A with /C(I) C g 1 JCg, where g := b 1 o g' 1 o b' G GL r (A^,). 
Then g' o b = b' o g~ l , hence 

g'IC'g'- 1 = (b'g^JCgb'- 1 ) n GL r /(A^,) D {b'K{I)b'~ l ) n GL r /(A^,) = /C(IA'), 
and by case (i) and Theorem 13.1.14 the composition of morphisms 



err 

D F',K{IA>) 

is defined and finite. Because of 

„' 1W„— 1 



f, y 



QT ^9 v QV 

a F,K(I) ^F,^ 



(g'lC'g'-')b'g-' = b' g' 1 {b~ l K' b) C b'g^JC 
this composition is invariant under the action of g'IC'g'" 1 on Sp, ^rj^iy Hence, it induces a finite 
morphism / : Sp, g ,^v g ,-\ — > Sf,K suc h that the diagram 



i f y 

a F',K{IA') ^ D 



FMI) 



Sf' ^'K'g'- 1 



s 



FX 



commutes. We can now define tp b := f o n g i, where 7iy : Sp, K , —r g ,^i g . 
S F , ^/(Cqo) we indeed have 

i% b ([(tf, h')]) = [(t7^, c^ 1 o /iV" 1 o b' O = [(J7^, if" 1 o fc' o 6)], 

independently of the choice of tp : F r — > F' T and the representative (a;', h!) € Sip, x GL r /(A^,). 
This also shows that our definition of tp b is independent of the choice of g', b' and J. 

It remains only to prove that Lp b is injective on Coo-valued points, i.e., that the map (|3.2.ip 
is injective. For this, consider two elements [(u}[, h[)], [(co' 2 , h' 2 )] of Sp, ^/(Coo) with uj^, uj 2 € Wp, 

associated to oj[ , u' 2 : F^, > C^ and , /i' 2 € GL r / (A£, ) which are mapped to the same element 
of 5(Coo). This means that there exist T £ GL r (F) and k € /C such that 
(i) o o T _1 = 1^2°^, 

(ii) T((^ _1 o /i^ o b)k = ip" 1 o h' 2 o b. 

By (i) there is a p € C^ such that the diagram 



F r 



tr'r "i 



El/' 



oo 



commutes. Since the maps w^, o^i P are injective and F'-linear, this implies that the F-linear 
automorphism T' := tp o T o of i* 1 "" is also F'-linear and lies in GL r >{F'). Thus, we have 
T' ■ uj^ = u 2 , i.e., uj[ and u' 2 lie in the same GL r /(i ?/ )-orbit. 

Equation (ii) implies that T'h^b o k o = ^ in GL r /(Ap,). Since h[, h' 2 and T' all lie in 
GL r /(A^,,), we conclude that 

b o k o ft- 1 e £' = (&/C6 -1 ) n GL r /(A^,), 
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i.e., [KX)] = MX)] in <5f',c( C oo). □ 

Since the morphism ip' b : S' — > S is injective on (Coo~v£iluecl points, we call it an inclusion of 

Drinfeld modular varieties (by a slight abuse of terminology). If K, C GL r (A^) is amply small 
(in the sense of Definition I3.1.2|) . we can show that it is in fact a closed immersion: 

Proposition 3.2.3. Let Lp b : S F \ K , — > S FIC be an inclusion of Drinfeld modular varieties with 
K, C GL r (A^) amply small. Then t Fb is a closed immersion of varieties. 

Before giving the proof of Proposition 13.2.31 we summarize the description of the tangent 
spaces at the closed points of a Drinfeld modular variety S r FjC with K, = K,{I) for a proper ideal 
I of A given in |Gek90] . 

We use for a £ A the notation 

dega:=log g (L4/(a)|) 

and denote by Coo{{t}} the ring of formal non-commutative power series in the variable r with 
coefficients in Coo and the commutator rule tX — X^t for A £ Coo* 

Definition 3.2.4. Let tp : A — > Coo{r} be a Drinfeld module over Coo of rank r. An ¥ q -linear 
map 7] : A — > 

tC o{'7~} is called a derivation with respect to p if, for all a, 6 E A, the derivation 

rule 

Vab = am + r} a °Vb 

is satisfied. Such a derivation is called reduced resp. strictly reduced if it satisfies deg r r] a ^ r-deg a 
resp. deg T r] a < r ■ dega for all a £ A. The space of reduced resp. strictly reduced derivations 
A — > tCoo{t} with respect to p is denoted by D r (p) resp. D sr (p). 

Theorem 3.2.5. Let x be a C^-valued point of Sp^^^ corresponding to a Drinfeld A-module 
ip with I-level structure a. Then there is a natural isomorphism 

T X (S FMI) ) ^ D sr (p) (3.2.3) 

of vector spaces over Coo- 

Proof. This follows from the discussion in the proof of Theorem 6.11 in [Gck90j and the lemmata 
before this proof. □ 

The isomorphism (|3.2.3p is given as follows: A tangent vector £ € T X (S T F ^j^) is an ele- 
ment of Sp )C ^p ) (C 00 [e]/(e 2 )) which projects to x E S^^^Coo) under the canonical projec- 
tion Coo[e]/(e 2 ) — > Cqo- It corresponds to the isomorphism class of a Drinfeld A-module over 
Coo[e]/(e 2 ) with /-level structure which projects to (p>,Oi) under the canonical projection 
Coo[e]/(e 2 ) -> Coo. There is a unique Drinfeld A-module (p in this isomorphism class such that, 
for all a G A, 

Pa = Pa + S ■ rj a 

where a i-> ij a is a strictly reduced derivation with respect to p. The tangent vector £ is mapped 
to this strictly reduced derivation under (|3.2.3p . 

Theorem 3.2.6. Let <p be the Drinfeld A-module over Cqo associated to an A-lattice A (Z Coo- 
Then there is a natural isomorphism 

D r ((p) ^ Hom A (A, Coo). (3.2.4) 
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The Coo-linear subspace D sr {ip) C D r (ip) is mapped to a subspace of Hom^( A, Coo) which is a 
complement of Coo • id, where id : A Coo is the canonical inclusion. 

Proof. See Theorem 5.14 in |Gek89j and Theorem 6.10 in [Gek89 . □ 

The isomorphism (|3.2.4p is called de Rham isomorphism and can be described as follows: Let 
77 be a reduced derivation with respect to ip. Then, for all non-constant a £ A, there is a unique 
solution F v G CooIIt}} satisfying the difference equation 

F v (az) - aF v (z) = n a (e A (z)) (3.2.5) 

where 

e A (z) = z- H (1-z/X) 

O^AeA 

denotes the exponential function associated to the lattice A. This solution is independent of the 
choice of a G A and defines an entire function Coo — > Coo which restricts to an ^4-linear map 
A — >■ Coo- The reduced derivation rj is mapped to F v \\ under (|3.2.4p . 

Proof of Proposition \3.2.R We use the following criterion given in Proposition 12.94 of [GW10J: 

A proper morphism f : X — » Y of varieties over an algebraically closed field K is a closed 
immersion if and only if the map X(K) — > Y(K) induced by f is infective and, for all x G X(K), 
the induced map on Zariski tangent spaces T X (X) — > Tfr x \(Y) is injective. 

Since finite morphisms are proper, by Theorem 13 . 2 . 2 1 we already know that 1 p b is proper and 
injective on Coo-valued points. We therefore only have to show that, for all x G Sp, ^/(Cqo), the 
induced map on Zariski tangent spaces : T x (Sp, ^,) — > T F ' ^(S FK ) is injective. 

Case (i): As in the proof of Theorem 13.2.21 we first consider the case where b(A r ) = A' 
and /C = IC(I) is a principal congruence subgroup modulo a proper ideal / of A. In this case, we 
have K! = /C(J') with /' := IA'. We can therefore use the description of the tangent spaces given 
above. 

Let x G Sp, £(77)(Coo) be a point corresponding to the Drinfeld A'-module tp associated to an 
A'-lattice A C Coo of rank r' with /'-level structure. Since we defined t p b by restricting Drinfeld 
A'-modules to Drinfeld ^4-modules, the point ip b (x) G Sp^Coo) corresponds to the Drinfeld 
A-module <p\a associated to the same A C Coo considered as ^4-lattice of rank r with some /-level 
structure. We can therefore consider the following diagram 

T x( S F>,K{i')) D sr (ip) ( -^==^Rom A/ (A, Coo) 



T 4' (x)( S f,k) D sr ( V I a)'~~^ Hom^ ( A , Coo ) 

where the vertical arrow in the middle denotes the restriction of derivations from A 1 to A and 
the one at the right the canonical inclusion. The left square of the diagram commutes by the 
definition of (|3,2.3p because tp b ^ has the modular interpretation of restricting Drinfeld A'- 
modules over Coo[£]/(e 2 ) to A. The right square also commutes because the unique solution 
of (|3.2.5p is independent of a G A' and A as an A'-lattice has the same exponential function as 
A as an ^-lattice. 
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Hence, the diagram commutes and, since the right vertical arrow is an injective map, also 
the other two are injective maps. In particular, the induced map l f b ^ between tangent spaces is 
injective. 

Case (ii): Let b : (A^) r ^ (A F ,) r ' be arbitrary and K, C GL r (A^) be an arbitrary amply 
small subgroup. Then, by the construction in the proof of Theorem 13.2.21 there is 

— a g' € GIv(A£ ; ) with g'K'g'- 1 C GV(i'), 

— an A^-linear isomorphism b' : (A F ) r ^> (A F ,) r ' with b'(A r ) = A' , 

— a proper ideal I of A with JC(I) C g~ 1 )Cg, where g := b^ 1 o g'~ l o b' € GL r (A^,) 
such that the diagram 



L F 

i f y 

or > o 

°F',K,(I') D 



or 
F'K' 



b F, b 



s 



F,K 



with I' := I A' commutes. By Proposition 13.1.31 and Corollary I3.1.4[ the projection maps vt^-i 
and TT g in this diagram are etale morphisms between non-singular varieties because fC' and K, are 
amply small. Hence, they induce isomorphisms on tangent spaces of closed points (Proposition 
10.4 in |Har77| ) . By case (i), the upper horizontal arrow i F b , induces injections on tangent spaces 
of closed points. Therefore, the commutativity of the diagram implies that, for all x G S F , ^(Cqq), 
the induced map Lp b ^ : T X (S F , ^-,) — > T iF i ^(S F/C ) is injective. □ 



Proposition 3.2.7. Let i Fh : S r F , 
modular varieties with F" C F' . Then for a A F „-linear isomorphism c : (A F „) r " — > (A F ,) r ' with 



K' 



o dim t> 2 ■ Jpn yz" 



S be two inclusions of Drinfeld 



c o 6 2 ° k 



(3.2.6) 



for some k E fC, the diagram 



or 



F'K 



V', c 



or 
F" ,K" 




commutes. 



Proof. Note that we have 

Kj = (fe/Qr 1 ) n GL r /(A£,) = {cK"c- 1 ) n GIvCAj,) 
by the definition of K,' and K!' and equation (|3.2.6p . Therefore, there is an inclusion l f „ c : 

or' v or" 

F' ,K' ~^ °F",K"- 

The commutativity of the diagram follows by a direct calculation on Coo-valued points 
using (I3XTT) . □ 
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3.3 Drinfeld modular subvarieties 

The image of an inclusion L Fb : S' —■ S of Drinfeld modular varieties is a subvariety of S because 
finite morphisms are proper. 

Definition 3.3.1. A subvariety of S of the form X = t F b (S') for an inclusion l f b is called a 
Drinfeld modular subvariety of S. An irreducible component of a Drinfeld modular subvariety 
over Coo is called a special subvariety and a special subvariety of dimension a special point. 

Lemma 3.3.2. Let K, C K. be an open subgroup and tt\ : S p ^ — > S Flc the corresponding canonical 
projection. Then the following holds: 

(i) For each Drinfeld modular subvariety X' C S p ^, the image tti(X') is a Drinfeld modular 
subvariety of S r Flc . 

(ii) For each Drinfeld modular subvariety X = i F ' ^{Spi ^/) C S F! ^, the preimage ir^ 1 (X) is 
a finite union of Drinfeld modular subvarieties of S r „~. 

r ,/C 

Proof. For (i), assume that X' is the image of the inclusion l Fb : S pi ^ — s- S p ^. associated to 

the datum (F\ b) and consider the inclusion morphism i F b : S r F , K , — > S r FK associated to the 
same datum. The diagram 

i F ' 

or _ r '° ^ cr 
F',K> F,K 

! F b 

F',K' *" °F,K 

with 7r^ and 7Ti the respective canonical projections commutes by definition of the inclusion 
morphisms. Hence, 

TTi(X') = Lp :b (TT[(S F/ ^,)) = iF,b( S F',!C') 

is a Drinfeld modular subvariety of S r F ^. 

For (ii), choose a set of representatives k±, . . . , k\ G K. for the left cosets /C//C and consider 
the inclusion morphisms l f bok _ : S r F/ ^ — > S p ^ associated to (F f , b o hi) for i = 1, . . . , I. By the 

definition of the inclusion morphisms we have 

l 

i=i ' ' 

hence tt^ 1 (X) is a finite union of Drinfeld modular subvarieties of S p ^.. D 
Lemma 3.3.3. For an inclusion i Fb : S' — >■ S, we have 

End(p') = End(4[ b {p')) 

for all p' G S'(Coo). 

Remark: This is an equality of sub fields of Coo and not just an abstract isomorphism of 
fields. 

Proof. This follows from our definitions because, for p' = [(u/, h')\ G S"(Coo), we have End(p') = 
{u G Cqo : u ■ uj'{F' r ') C u}'(F' r ')} and End(^' b (p')) = G Cqo : u ■ (a/ o ^){F r ) C (u/ o <p)(F r )} 
for a chosen F-isomorphism ip : F r F' r . □ 
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Now we give a criterion under which two Drinfeld modular subvarieties are contained in each 
other. 

Proposition 3.3.4. Let X' = tp' b (Sp, K ,) and X" = if!" 6 (Sp"',, K „) be two Drinfeld modular 
subvarieties of S. The following statements are equivalent: 

(i) X' is contained in X" . 

(ii) There is an irreducible component of X' over Coo which is contained in X" . 

(Hi) F" C F' and there exist k G K, and an A F „-linear isomorphism c : (Ap„) r " — } (A F ,) r ' 
such that b\ = c o b 2 k. 

Proof. We write S' = Sp, and S" = S F „ K „. 

The implication (i) =^ (ii) is trivial and (iii) =^ (i) follows from Proposition 13.2.71 
For (ii) (iii) assume that t,p' bl (Y') C tp" b2 (S") for an irreducible component Y' of S' 
over Coo. By Lemma [2X6] there is a j/_ = [(u/,h')] G Y'(Coo) with End(p') = F' . Now let 
i F p bi {p') = i F p' b2 {p") for a suitable p" = [{u",h")] G 5" (Coo). Lemma [2X5] and yield 

F 1 = End(p') = End( i | ) ' 6l (p / )) = End(4' M (p")) = End(/) D F" . 
Because of tp' b (p') = ^' b2 ip") we have 

[(uj' o ipupi 1 oh! o bi)] = \(uj" o (f 2 , f^ 1 h" o 6 2 )] 

for F- linear isomorphisms (p\ : F r — )• F' r and if 2 '■ F r ~~ F" T . Hence, there are T G GL r (F) 
and k G K. such that 

1. uj' o if 1 = uj" o f 2 T^ 1 , 

2. if o ti o 61 = T(f 2 1 o h" o b 2 )k. 

Because of 1. and F" C F', one concludes as in the proof of Theorem 13.2.21 that the .F-linear 
isomorphism := (fx o T o yjj 1 : i ?//r — > i* 1 "" is F"-linear. 

We set c := 61 o A; -1 o b 2 1 : (A^,„) r " — >■ (A^,) r '. By 2. this is equal to 

c = h'^ 1 o o T o f^ 1 ^" = fr' -1 V' fr"- 

Since ^ is ^"-linear and F" C -F' we conclude that c is an Ap„-linear isomorphism. Furthermore, 
we have b\ = c o b 2 o k by the definition of c, which shows (iii) . □ 

Corollary 3.3.5. Let X' = L,p" b ,(S F '„ ^u) be a fixed Drinfeld modular subvariety of S. Then 
the assignment 

X 1 — > Lp b ,(X) 

is a bijection from the set of Drinfeld modular subvarieties of S F '„ to the set of Drinfeld 
modular subvarieties of S contained in X' . 

Proof. Since L F " b , is injective on Coo-valued points, it is enough to show that 

(i) Lp" b , (X) is a Drinfeld modular subvariety of S for each Drinfeld modular subvariety X of 

°F",K."i 

(ii) (Lp" b ,)^ 1 (X) is a Drinfeld modular subvariety of Sp'„ ^» for every Drinfeld modular sub- 
variety XcX'ofS. 
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For (i), let X = l f// C (S F , K ,) be a Drinfeld modular subvariety of S F '„ The map 

b:=cob' : (A^) r -> (A^,) r ' 
is an Ap-linear isomorphism, hence we can apply Proposition 13.2.71 to conclude that 

L F,b'(X) = L F,b'( L F",c(^F',IC')) = L F,b(^F' ,K') 

is a Drinfeld modular subvariety of S F £. 

For (ii), let X = i F t,(S F / r') be a Drinfeld modular subvariety of S which is contained 
in X'. By Proposition I3.3.4"! we have F C F" C F' and there are an A^„-linear isomorphism 
c : (A F „) r " (A^,) r ' and afce/C such that 

b = c o b' o k. 

By Proposition 13.2.71 we have 

X = t F,b('S'F',/C') = L F,b'( L F",c(^F',K'))- 

Since i|!" 6 , is injective on Coo-valued points, this implies that (L F " b ,)^ 1 (X) = Up,, c (Sp, ^-/) is a 
Drinfeld modular subvariety of Sp„ . □ 

From Proposition 13.3.41 the following criterion for equality of Drinfeld modular subvarieties 
follows: 

Corollary 3.3.6. Let X' = ' b (Sp, K ,) and X" = t* F " b (Sp'„ K „) be two Drinfeld modular 
subvarieties of S. The following statements are equivalent: 

(i) X' = X". 

(ii) X' and X" have a common irreducible component over Coo- 

(Hi) F' = F" (hence r' = r") and there exist s £ GL r /(Ap,) and k € K, such that b\ = so 62 o k. 

In particular, each special subvariety of S is an irreducible component over Coo of a unique 
Drinfeld modular subvariety of S. □ 

Corollary 3.3.7. For a Drinfeld modular subvariety X' C S there is a unique extension F' C 
Coo of F and a unique conjugacy class C of compact open subgroups of GL r /(A^,) with r' = 
r/[F'/F] such that F" = F' and K" G C for all inclusions i F F c : S r F , r ^n -»• S with image X' . 

Proof. By definition, X' is the image of some inclusion l f b : S F , — >• S. For any other inclusion 
l f"c '■ ^f'" k." ~* S w ith image X' , Corollary 13.3.61 implies that F" = F' and b = s o c o k for 
suitable s € GL r >(A F ,) and k 6 K. The latter implies K! = s/C"s _1 , i.e., JC" lies in the conjugacy 
class of K.' in GL r i(A F ,). □ 

The preceding corollary allows us to make the following definition: 

Definition 3.3.8. For a Drinfeld modular subvariety X' = l f b (S F , of S, the extension 
F' C Coo of F is called the reflex field of X' and the index of JC' in a maximal compact subgroup 
of GL r i(A F ,) is called the index of X' and is denoted by i(X'). Furthermore, the product 

D(X') :=\Cl(F')\.i(X'), 

where Cl(F') denotes the class group of A' C F' , is called the predegree of X' . 
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By Corollary I3.3.fc»t each special subvariety of S is an irreducible component of a unique 
Drinfeld modular subvariety of S. This allows us to define the reflex field of a special subvariety: 

Definition 3.3.9. For a special subvariety V of S which is an irreducible component of a Drinfeld 
modular subvariety X' of S, the reEex held ofV is defined to be the reflex field of X' . 

If /C = GL r (A), Corollary 13.3.61 immediately implies the following characterization of the set 
of Drinfeld modular subvarieties of S with a given reflex field F': 

Corollary 3.3.10. Assume that S = S r FK with K = GL r (A) and let F' C C oo be an extension 
of F of degree r/r' for some integer r' ^ 1 with only one place oo' lying over oo. Then the set 
of Drinfeld modular subvarieties of S with reflex held F' is in bijective correspondence with the 
set of orbits of the action of GL r >(A F ,) on the set of free A-submodules of rank r of (A^,) r ' via 
the assignment 

4[ b (S')^GL r ,(A f F ,)-b(A r ). □ 

Proposition 3.3.11. The natural action of the absolute Galois group Gal(F sep /F) on the set of 
subvarieties of S = S F r which are defined over F restricts to an action on the set of Drinfeld mod- 
ular subvarieties of S. For a € Gal(-F sep /F) and a Drinfeld modular subvariety X = l f b (S r F , %-,), 
the Galois conjugate o{X) is given by ^ F %ob( S t(F'),aoic'oa-^- 

Remark: In the above formula for the Galois conjugate cr(X), the A^-linear isomorphism 
(A^,) 1 "' ^> (A^ F ,p r ' obtained by tensoring a : F' ^> o'(F') with (A F ) r ' over F is also denoted 
by cr. 

Proof. As explained in Subsection ll.l| we identify Gal(F sep /F) with Autp(F) via the unique 
extension of the elements of Gal(-F sep /F) to F. 

Case (i): We first consider the case where S = S r F ^,^ for a proper ideal I of A and X = 

Lp b (S' F , £,) for an inclusion morphism i F b associated to a datum (F' , b) satisfying b(A r ) = A' 
with A' the integral closure of A' in F' . As explained in the proof of Theorem 13.2.21 in this case 
we have JC' = JC(I') with /' = I A' and l f b is defined by the morphism (|3.2.2p of functors from 

J-pi ji to J-p j (restricted to the subcategory of F'-schemes) using the modular interpretation of 

°F',K(I') dI1U °F,K(I)- 

Note that, for any Drinfeld A'-module ip : A' —> F{t} over F, 

a(A') — > F{t} 
V • a{a >) _> {lfal y > 

where {<p a 'Y is obtained from tp a i by applying a to its coefficients, is a Drinfeld <r(A')-module 
over F. Furthermore, for any /'-level structure a : (I'^ 1 /A') r ^ ipj/ C F on <p, the composition 

(o-ilT'MA'W' ^ (I'^/AY -2L> <p P -A {^) a[V) 

is an o"(/')-level structure on ip a . Using the modular interpretation of S r F , K ^ and S^, F n jcmi'))^ 
the assignment 

(cp, a) i — > ((p a , a o a o cr -1 ) 

defines a map g a : S F , ^j^(F) — > ^'(F') K(a{i'))^)' ^ v construction, the map g a is bijective with 
inverse g a -i . 
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Note that we have (a o b)(A r ) = a (A') . Hence the datum (a(F'),a o b) defines an inclusion 
map 

SI 



°{F') . or' 

L F,aob ■ D cr(F'),!C(a(I')) r a F,K(I)> 



which is defined by a morphism of functors from F^tpi\ a m\ to F FI (restricted to the subcategory 
of ^(-F^-schemes). A straightforward verification shows that the diagram 



^F'Mi')( F ) 



S a{F>),K(v(I'))( F ^ 



L F, b 



or 

D F,K(I) 



a(F') 
F. crab 



commutes, where the right vertical map is given by the natural action of a on the closed points 
of Spfctjx defined over F. 

Since, for any subvariety Y C S defined over F, the set Y(F) of F-valued points (viewed 
as a subset of the closed points of Y C S) is Zariski dense in Y (see, e.g., Corollary AG. 13.3 
in |Bor91| ). the commutativity of the above diagram implies that 

a(X) = ^ F [ a ob(9a{S r F , ,£(/'))) = i F,aob(^a(F'),IC(a(I')))- 

for X = tp b (Sp, £Ym)- Hence, cr(X) is a Drinfeld modular subvariety of S and it is of the desired 

form because of a o K! a a^ 1 = IC(a(I')). 

Case (ii): For a general X = t F b (S F , K ,) C S FIC , by the construction in the proof of 
Theorem 13.2.21 there is 

— a g' £ GL r >(A F ,) with g'JC'g'- 1 C GL r ,{A'), 

— an A^-linear isomorphism b' : (A F ) r ^ (A F ,) r ' with b'(A r ) = A' , 

— a proper ideal / of A with IC(I) C g~ l K,g, where g := o g'^ 1 o b' € GLy(A^) 
such that the diagram 



or 

D F',K{I') 



or 
F' ,K' 



L F,b' 



b F, b 



or 
F,fC{I) 



■S 



FX 



with V := I A' commutes where n g and 7r g /-i are surjective and defined over F. This implies 
together with case (i) 

a(X) = a(L Fjb (-K gt -i(S F , jlcri ,y))) = a(ir g (L Fi b>(S F , >K ^))) 

= ng(v(l<F ! b'(SF',lC(I')))) = 7r ff( t F,<jo6'('^CT(F'),X;(cr(/'))))- 
By a similar commutative diagram, this is equal to 

MF') 



P, (TOO OIJ 



hence a Drinfeld modular subvariety of S of the desired form. 



□ 
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3.4 Determinant map and irreducible components 

For a general Drinfeld modular variety S r F!C , we denote by det/C C (A^)* the image of K, C 
GL r (Aci) under the determinant map. Since the determinant map is a group homomorphism and 
maps principal congruence subgroups of GL r (A^) to principal congruence subgroups of (A^)*, 
the subgroup det/C C (A^)* is open and compact. 

Definition 3.4.1. The map SpfclCoo) — y Sp (Cqo) given by 

GL r (F) \ (Clp x GL r (A F )/K) — ► F* \ (A J)* / det/C 

[(co,h)] i— > [det/i]. 

is called determinant map and is denoted by det. 

Remark: The determinant map can be described in terms of the modular interpretation, 
using the construction of exterior powers of Drinfeld modules in jHei041 Theorem 3.3]. We refrain 
from doing so because we do not need that. 

Proposition 3.4.2. The determinant map is surjective and its fibers are exactly the irreducible 
components of S FIC (Coo). 

Proof. The surjectivity is immediate because det : GL r (A f F ) -+ (A^)* is surjective. 

We know by Proposition 12. 1 .31 that the irreducible components of (Coo) are in bijective 

correspondence with the double coset space GL r (F) \ GL r (A^)//C. A point [(uJ, h)] G S F!C (Coo) 

lies in the irreducible component corresponding to a double coset [g] G GL r (F) \ GL r (A^)//C if 
and only if h G [g]. 

We show that, for every g G GL r (A F ), the fiber of [det g] G -S^detjc^oo) is equal to the 

irreducible component corresponding to [g] G GL r (F) \ GL r (A^,)//C. By the above remarks, this 
is equivalent to 

h G GL r (F) • g ■ K <J=^ det h G F* ■ (det g) • (det K) 

for all h G GL r (Aj). 

If h G GL r (F) • g ■ fC, then we have det h G F* ■ (det g) ■ (det /C) by the multiplicativity of the 
determinant. Conversely, assume that det h G F* ■ (det g) ■ (det/C). Then there are T G GL r (F) 
and k G K, such that 

det/i = det(T ■ g ■ k), 

hence Tgkh" 1 G SL r (A F ). By the strong approximation theorem |Pra77j for semi-simple simply 
connected groups over function fields, SL r (F) is dense in SL r (A^). Since hK,h~ l is an open 
subgroup of GL r (A^), we therefore have 

SL r (A£) = SL r (F) • ((hJCh- 1 ) n SL r (A£)). 

So there are T' G SL r (i ? ) and k' G /C n SL r (A^) such that Tgkh^ 1 = T'hk'h^ 1 . This implies 

h = T'~ 1 Tgkk'~ 1 G GL r (F) ■ g ■ K,. □ 

By Proposition 13.4.21 the determinant map induces a bijection 

det* : ir {S r FIC ) ^ S FdetK 
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between the set Tro(S FK ) of irreducible components of S FK - over Coo and the set S FdctK - (we 
identify the latter set with S Fdetlc (Coc) as explained in Subsection 12. 2p . We now consider the 
natural action of the absolute Galois group Gf '■= G&l(F sep /F) on these two sets. 

Proposition 3.4.3. The bijection det* is Gp-equivariant. 

Proof. We consider separable extensions F' C Coo of F of degree r with only one place above 

00. The intersection F" of all these extensions is equal to F. This follows by induction over r: 

Assume by contradiction that F" 2 F with [F"/F] = r' > 1. By Eisenstein's Criterion 
(Proposition III. 1.14 in [Sti93] ) we find a second extension F% ^ F" of F of degree r' with only 
one place oog above oo. By induction hypothesis, the intersection of all separable extensions of 
F% of degree r/r' with only one place above ooj is equal to F^'. These extensions of F£ are all 
separable extensions of F of degree r with only one place above oo, hence its intersection Fl[ 
contains F" . This is not possible because F% ^ F" and [Fg/F] = [F"/F] = r'. 

The equality F" = F implies that the subgroups G&l(F sep / F') C Gf where F' runs over all 
separable extensions of F of degree r with only one place above oo generate the whole absolute 
Galois group Gf. Therefore it is enough to show that det* is Ga^i^P/i^-equivariant for all 
these extensions F 1 . 

Let now F 1 1 F be a fixed extension of the above form, Y an irreducible component of Sp^ 
and cr E Gal(F scp / F'). We have to show that det*(cr(F)) = cr(det*(F)). We assume that Y 
corresponds to the class of g E GL r (A^) in GL r (F)\GL r (A^,)//C via the bijective correspondence 
from Proposition 12.1.31 We choose an F-linear isomorphism 

<P '■ F r F', 

and define 

b:=<pog : (A F ) r A pl . 

The datum (F' , b) defines an inclusion morphism t Fb : S F , K , — > S FIC . By its definition, the 
point p' := [1] E Sp, K , = F'* \ (A F ,)* /K.' is mapped to the closed point 

P '■= t-^bd 1 ]) = [(» <P: ^ lol ° h )\ = [(* ° <P: fiO] 
of S F r, where i denotes the canonical inclusion F^, c —t Coo- This point lies in the irreducible 
component Y, which corresponds to the class of g in GL r (F) \ GLy(A^) / /C. 
By Proposition 11.2.21 the- point p' E Sp, is defined over 

F /sep = psep_ g ince t F' b ig defined 

over F', the closed point p = t F b (p') E S^^Cqo) is also defined over F sep and we have 

*S>(P0) = *(p) 6 o-(Y), 

1. e., cr(Y) is the unique irreducible component of S r Flc containing l f ' b (cr(p')). The equality 
det*(<j(y)) = <r(det*(y)) is therefore equivalent to 

det(4[ b (a(p'))) = <7(detp). (3.4.1) 

We use the description of the Galois action on S F , ^ and S Fde ^^ given by Theorem 12.2711 to 
calculate both sides of (|3.4.ip . For this, let H/F resp. H'/F' be the finite abelian extensions 
corresponding to the closed finite index subgroups F* ■ det/C C {A F )* resp. F'* ■ JC' C (A^,)* in 
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class field theory, and let E be the compositum of H and H' . Then the diagram of Artin maps 

(A£)* Ga\{H/F) 



N F , /F 



(AL)* — Gal(F/F' 




commutes with Npiip the norm map and r F /jj, r F /H' the restriction maps. Therefore, if b! £ 
(a£,)* is chosen such that i^p/F'(h') = a\p, then we have 

lp H '/F'(h') =<t\h', 
i>H/F{N F ,/ F {h')) = a\ H . 

With Theorem 12.2.11 this implies 

det(4' tb (a(p'))) = det(^' b ([/ i '- 1 ])) = det(^ 1 o h'~ l o b) 

= det((/? _1 o h'- 1 o(p)-detg= [N FI/F {h')' 1 ■ det g] 
= a([detg]) = a(detp). 

So we have shown ()3.4.ip . which is equivalent to det*(cr(Y)) = <r(det*(y)). □ 

Corollary 3.4.4. The determinant map is induced by a unique morphism S FIC — > S Fdetlc 
defined over F. 

Proof. By Proposition I3.4.2| the determinant map is constant on the irreducible components 
of S FIC (Coo). Since these irreducible components and all closed points of S Fdet!C are defined 
over F sep , the determinant map is therefore induced by a unique morphism defined over F sep . 

By Proposition 13. 4. 3j this morphism over F sep is Gp-equivariant. Hence, by |Bor914 AG 14.3] 
it is defined over F. □ 

Corollary 3.4.5. S FI ^ is F-irreducible and has exactly 

\S FAe tK\ = \F* \ (Af,)7detX:| = |C1(F)| • |i*/(F* • det/C)| 
irreducible components over Coo- 

Proof. By Corollary 12 . 2 . 21 and Proposition l3.4.3l it follows that the absolute Galois group G F acts 
transitively on the set of irreducible components of S r F over Coo ■ Hence, S F K is F-irreducible 
by Proposition 11.2.21 

It only remains to show the second equality. Note that 

(A f F )*/(F* ■ A*) C1(F) 

by the direct adaptation of Proposition VI. 1.3 in [Neu07] to the function field case. Therefore we 
have 

\F* \ (A^)*/det/C| = |C1(F)| • |(F* ■ A*)/(F* • det£)|. 
The claim now follows from 

(F* ■ A*)/{F* ■ det K)**A* / ((F* • det K)nA*) 
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and 

(F* • det K.) n A* = (F* n A*) ■ det/C = F* • det K. □ 

Corollary 3.4.6. Each Drinfeld modular sub-variety of S F with reflex field F' is F' -irreducible. 

Proof. A Drinfeld modular subvariety X of S r F ^ with reflex field F' is the image of an inclusion 
morphism t F ' b : S F , —> S FI<C . Since L Fb is defined over F 1 by Theorem 13.2.21 Corollary 13.4.51 
immediately implies the F'-irreducibility of X. □ 



4. Degree of subvarieties 

4.1 Compactification of Drinfeld modular varieties 

In |PinlO| Pink constructs the Satake compactification S FIC of a Drinfeld modular variety S F)C 

with /C C GL r (A). It is a normal projective variety which contains S FI ^ as an open dense 
subvariety and it is characterized up to unique isomorphism by a certain universal property. 

If fC is amply small, "Spic ^ s endowed with a natural ample invertible sheaf jCp^. In [PinlOj . 
the space of global sections of its k-th power is defined to be the space of algebraic modular 
forms of weight k on S F ^ . 

If K, C Gh r {K F ) is arbitrary (not necessarily contained in GL r (A)) and g € GL r (Ap) is 
chosen such that glCg^ 1 C GL r (A), we define 

and, if K, is amply small, 

As in Step (v) of the proof of Theorem 12.1.21 one can show, using part (i) of the following 
proposition for /C C GL r (A), that this defines S F)C and C F!C up to isomorphism. 

Proposition 4.1.1. (i) For g € GL r (A F ) and a compact open subgroup K! C g~ l tCg the 
morphism ir g : S FK -, — > S FIC defined in Subsection 13.11 extends uniquely to a finite mor- 
phism Wg~ : S F1C i — > ~Spic defined over F. If )C is amply small, then there is a canonical 
isomorphism 

rr ~ * nr 
L -F,K' — 71 9 L -F,K- 

(ii) Any inclusion L Fb : S F , —> S T FK - of Drinfeld modular varieties extends uniquely to a 

finite morphism i F ' b : S F i ^ — > S F ^ defined over F' . If K is amply small, then there is a 
canonical isomorphism 

nr' ~ F' * r r 
L >F',K' — L F,b ^F,K- 

Proof. This follows from Proposition 4.11 and 4.12 and Lemma 5.1 in [PinlO| . Note that these 
statements automatically hold for arbitrary levels /C and KJ (not necessarily contained in GL r (A) 
respectively GL r /(A')) because the equations ([4.1. ip and (|4.1.2[) define the Satake compactifica- 
tion of a general Drinfeld modular variety as the Satake compactification of a Drinfeld modular 
variety with level contained in GL r (A) resp. GL r /(A'). □ 

4.2 Degree of subvarieties 

In this subsection, S F)C always denotes a Drinfeld modular variety with /C amply small. 



33 



Patrik Hubschmid 



Definition 4.2.1. The degree of an irreducible subvariety X C S r FK - is defined to be the degree 
of its Zariski closure X in S F £ with respect to C r F1 ^, i.e., the integer 

degX := defter X= [ Cl (^) dimX n [X], 

where c\{C FK ) G A 1 S F £ denotes the first Chern class of C r FIC , the cycle class of X in Afc m xS F £ 
is denoted by [X] and n is the cap-product between A dimX lS F ] (: and A^imxSp 

The degree of a reducible subvariety X C S FIC is the sum of the degrees of all irreducible 
components of X. 

Remark: Note that our definition of degree for reducible subvarieties differs from the one used 
in many textbooks where only the sum over the irreducible components of maximal dimension 
is taken. 

Lemma 4.2.2. The degree of a subvariety X C S FIC is at least the number of irreducible com- 
ponents of X. 

Proof. This follows by our definition of degree because C r FIC is ample and the degree of an 
irreducible subvariety of a projective variety with respect to an ample invertible sheaf is a positive 
integer (see, e.g., Lemma 12.1 in |Ful98] ) . □ 

Proposition 4.2.3. (i) Let ir g : S FIC , ->• S r F!C be the morphism defined in Subsection \3.1\ 

for g e GL r (A f F ) and K! C g^Kg. Then 

degvr s \X) = [g- l K,g : K!\ ■ degX (4.2.1) 

for subvarieties X C S r F ^ and 

degvr 3 (X') < degX' (4.2.2) 
for subvarieties X' C S r F ^,. In particular, we have 

degTg(X) < [K -.KHg^lCg} ■ degX (4.2.3) 

for subvarieties X C S FI< -. 
(ii) For any inclusion t Fb : S F , ^, — )■ S FK ofDrinfeld modular varieties and for any subvariety 
X C Sp, K , , we have 

degX = deg^' 6 (X). (4.2.4) 

Proof. We use the projection formula for Chern classes (see, e.g., Proposition 2.5 (c) in [Ful98j): 
If f : X —> Y is a proper morphism of varieties and C is an invertible sheaf on Y , then, for 
all k-cycles a € A^{X), we have the equality 

/*( Cl (/*£) n a) = c x {C) n /„(a) (4.2.5) 

of (k — l)-cycles in Ak-x(Y). 

For the proof of (|4.2.ip and (|4.2.2p . we first assume that X C S F/C and X' C S FK -, are 
irreducible. For this, note that ir g : S FK , — > S FfC is finite of degree \g~ x Kg : JC'] and etale by 
Proposition 13.1.31 because K, is amply small. The latter implies that the restriction of ir g to the 
subvariety ^^(X) is also finite of degree [g~ l Kg : K,'] and we have the equality 

- a ^ g l (X)} = [g- l lCg:lC'}-[X] 
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of cycles on 5^^- For d := dimX, with Proposition 14.1 .11 (i) and the above projection formula 
we get 

J S rp tr 



K 

[g-'JCg : K!\ ■ [ Cl (C r Ft/c ) d n [X] = [g^JCg : K.'] ■ degX. 



For the proof of (|4.2.2|) . we note that 



^[X']=deg(7T g \ xf )-[n 9 (X')] 
as cycles on 'Sp^. The same calculation as above gives 

degX' = degfol*,) • degTT^X') ^ deg^(X'.) 
If X C is reducible with irreducible components X\, . . . , X n , we have 

n 

degir g l {X) = Y,d^-\X i ) 

i=l 

because the set of irreducible components of tt~ 1 (X) is the disjoint union of the sets of irreducible 
components of the 7r~ 1 (Xj). Therefore, the formula (|4.2.1|) follows from the irreducible case. 

If X' C S F is reducible with irreducible components X[ , . . . , X' k , then the set of irreducible 
components of 7r g (X') is a subset of {■K g (X[), . . . ,Tr g (X' k )}, hence we have 

k 

degvr^X'K^TdegTr^) 

i=l 

and the inequality (|4.2.2p follows from the irreducible case. 

The inequality (|4.2.3p immediately follows from (|4.2.ip and ()4.2.2p because 

T g (X)=7T g (^\X)) 

where tti and ir g are projection morphisms S FICg — > S FIC with K g :=KT\ g~ 1 K,g and 

deg^i = [K : K, g ] = [K : K n g~ l Kg\. 

Finally, for the proof of ()4.2.4j) we use that i F b : S F/ ^ — > S F ^ is a closed immersion 

by Proposition 13.2.31 because K, is amply small. For an irreducible subvariety X C Sp, K , , we 
therefore have the equality 



4: b ^] = [i F F [ b (x)} 

of cycles on ~Sp£ . The same calculation as in the proof of ()4.2.ip therefore gives 

de gi f:' b (X)=degX 
because i Fb C F1C = C F , K , by Proposition 14.1.11 (ii). 
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If X C S'p, is reducible with irreducible components X\, . . . ,X[, then l f b (X) has exactly 
the irreducible components l f b (Xi), . . . , Lp b (Xi) because L Fb is a closed immersion. Therefore, 
the formula (|4.2.4p for X reducible follows from the irreducible case. □ 

We will use the following two consequences of Bezout's theorem to get an upper bound for 
the degree of the intersection of two subvarieties of S FI ^: 

Lemma 4.2.4. For subvarieties V, W of a projective variety U and an ample invertible sheaf C 
on U, we have 

deg V n W < deg V ■ deg W, 
where deg denotes the degree with respect to C. 

Proof. See Example 8.4.6 in [Ful98] in the case that V and W are irreducible. 

If V = Vjl U • • • U and W = W\ U • • • U Wi are decompositions into irreducible components, 
then 

vnw = \JVinWj. 

Therefore, each irreducible component of V fl W is an irreducible component of some Vi n Wj. 
By our definition of degree for reducible varieties this implies 

deg V n W < de £( y i n W i)- 
Hence by the case that V and W are irredubible, we get 

deg V n W ^ Yj de § V i ■ de § W J = (Y1 deg ' (j2 deg W i \ = deg V ' deg W - 

□ 

Lemma 4.2.5. For subvarieties V, W of S FIC we have 

deg V fl IF ^ deg V ■ deg W. 

Proof. In view of the previous lemma, it is enough to show the following inequality of degrees of 
Zariski closures in S F ^ with respect to C F1C : 



degV nW < degVnW. 



For this, it suffices to show that each irreducible component of V fl W is an irreducible component 
ofVnW. Note that V n W cFnFand 



v n w n = F n if = (y n s^ iX: ) n(fn S$ iK ) = (vnw)n s r F ^ 

because S F!C is Zariski open in S F1C . Therefore 



F n FF = F n FF U (Fn(FntF)) (4.2.6) 

where Y := ~Spic \ SpJC denotes the boundary of the compactification. Since the irreducible 
components of F fl IF are the Zariski closures of the irreducible components of F (~1 IF, they are 
all not contained in Y and therefore, by (|4.2.6p . irreducible components of F fl W. □ 
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4.3 Degree of Drinfeld modular subvarieties 

We let S = be a Drinfeld modular variety. 

Proposition 4.3.1. If /C is amply small, there is a constant C > only depending on F, K. and 
r such that 

deg(X) ^ C • D(X) 

for all Drinfeld modular subvarieties X C Sp^ with D(X) the predegree of X from Defini- 
tion 

Remark: We expect that one could also prove an upper bound for deg(X) of the form 
deg(X) ^ C ■ D(X) with a constant C depending on F, K, and r. Because of this expectation 
we call D{X) the predegree of X. We refrain from proving an upper bound because we only need 
a lower bound in the following. 

Proof. Since K. is amply small, there is a proper ideal I of A and a g € GL r (A^) such that 
glCg -1 C As explained in the beginning of the proof of Proposition 13.2.31 for each Drinfeld 

modular subvariety X = tp' b {S F \ of S, there is a g' € GL r /(A^,) such that K' C g'K.(I')g'~ 1 
where I' := I A'. Therefore, by Proposition 14.2.31 we have 

deg(A) = deg(S r ; f>Kf ) = [g'Kiiy- 1 : K'\ ■ deg{S F \ Mr) ). 

Since Sp, has at least |C1(F')| irreducible components over Cqo by Corollary 13.4.51 we have 
deg(S r p, Mr) ) > |C1(F')|. Using i(X) = \g'GL r t{A')g 1 '' 1 : K!\ we therefore get 

deg(A)^ & |C1(F')| = J- D(X). 

[GL r ,(A') : K{I')} [GL r r(A') : K{I')\ 

Because of [GL r ,(A?) : < [GL r (,4) : K(I)] we conclude that deg(X) ^ C ■ D(X) for 

^ := [GL (A)-K(i)} on ^ depending on AC, F and r. □ 

Theorem 4.3.2. For each sequence (X n ) of pairwise distinct Drinfeld modular subvarieties of S, 
the sequence of predegrees (D(X n )) is unbounded. In particular, if 1C is amply small, the degrees 
deg(X n ) are unbounded. 

Proof. By Proposition I4.3.H it is enough to show that the sequence 

D(X n ) = i(X n ) ■ \Cl(F n )\ 

where F n is the reflex field of X n is unbounded. 

The following two propositions imply that there are only finitely many extensions F' of F of 
degree dividing r and bounded class number: 

Proposition 4.3.3. There are only finitely many finite extensions F' C Coo of F of fixed genus 
g' and bounded degree. 

Proof. By Hurwitz genus formula (see e.g. Theorem III. 4. 12 in [Sti93j) the degree of the different 
of F'/F and therefore also the degree of the discriminant divisor of F'/F is bounded as F' runs 
over all finite separable extensions of F of fixed genus and bounded degree. Hence, Theorem 8.23.5 
in |Gos98] implies that there are only finitely many separable extensions of F with fixed genus 
and bounded degree. Since each finite extension of F can be decomposed into a separable and a 
totally inseparable extension and each global function field has at most one totally inseparable 
extension of a given degree, the proposition follows. □ 
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Proposition 4.3.4. Let F' be a function field of genus g' with field of constants ¥ q i. Then 

, to--Dfa- 2 '-W + 1 ). 

' y n 2g'(q'3 +1 -1) 

Proof. Proposition 3.1 in [Br e05| . □ 

Therefore, the sequence D{X n ) is unbounded if the set of reflex fields F n is infinite. So it 
suffices to show unboundedness of the predegree D{X n ) in a sequence of pairwise distinct Drinfeld 
modular subvarieties of S with fixed reflex field. This follows from the next theorem. □ 

Theorem 4.3.5. For each sequence (X n ) of pairwise distinct Drinfeld modular subvarieties of S 
with fixed reflex field F' , the indices i(X n ) are unbounded. 

Proof. We first note that we can assume w.l.o.g. that the given compact subgroup K, equals 
GL r (A). Indeed, if K. is replaced by a compact open subgroup £ D 1C and the X n by their images 
under the canonical projection tti : S FK - — > S FC , the indices i(X n ) decrease by Definition 13.3.81 
Hence, we can assume that /C is a maximal compact open subgroup and therefore some conjugate 
/iGL r (A)/i _1 of GL r (A). If we further replace the X n by their images under the isomorphism 
7T/J-1 : S r - — >■ S^, » , then the i(X n ) do obviously not change because the X n are the 

image of an inclusion from the same S F , r'(Coo)- Therefore, we can w.l.o.g. assume /C = GL r (A). 

For the following considerations, we assume that X n = t F b n (S F , K , (Coo)) with Ap,-linear 
isomorphisms b n : (A F ) r — > (A F ,) r ' . We denote by A n the ^-lattices b n (A r ) in (A F ,) r ' . By 
Corollary 13.3.101 they are determined up to and only up to the action of GL r /(A^,) and their 
orbits under the action of GL r /(A^,) are pairwise distinct. 

We have the product decomposition A n = Ilp^oo ^~n,p '■= Ilp^oo bn,p(Ap), where A n>p C F p /r 
are free ylp-submodules of rank r. The ylp-modules Ap ■ A n p are finitely generated submodules of 

F p ' r with FL ■ A njP = F p ' r , hence free of rank r' because A' p is a direct product of principal ideal 

domains. This implies that A' • A n is a free ^'-submodule of (A^,) r ' of rank r' . Since the A n are 

determined up to and only up to the action of GL r /(A^,), we may therefore assume w.l.o.g. that 

A' ■ A n = A' for all n. 
Note that we have 

K! n = (b- 1 GL r (A)b n ) n GL r i{h. F ,) = Stab GIv(A / /} A n . 

Since A'-A n = A' , these compact open subgroups of GL r /(A^,) are all contained in the maximal 
compact subgroup GL r '(A') = Stab„ T .A' . Hence, W6 can write the indices i^X^ as 

i(X n ) = [GL r /(i') : Stab GV(A / ;) A n ] 
and, using the above product decompositions, as i(X n ) = Ilp^oo Vp' wnere 

i n ,p = [GL r /(A' p ) : Stab GLr ,(^)A niP ]. 

For each n, almost all factors of this product are 1 because A niP = A'p T for almost all p. 

Since we assumed that A'p ■ A ra>p = A'p V , by the Proposition 14.3.61 below, we get the estimates 
Vp ^ C ■ [A'p T : A njP ] 1//r , where the constant C is independent of n and p. 
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We now finish the proof by assuming (by contradiction) that the sequence (i(X n )) is bounded. 
This implies by the above product decomposition of i(X n ) and estimates of z„ iP that 
[A'p T : A„ iP ] ^ D for all n and p for some uniform constant D. 

But, note that, as finite ^p-module, A' p r /A n $ is isomorphic to some product 

A p /p m ^A p x ••• xA p /p m 'A p . 

If A n)P 2 P N ' A'p , we have mj ) N + 1 for some i and therefore 

|fc(p)r +1 <K r# :Kp]< D - 

In particular, we have \k(p)\ ^ D whenever A np ^ ^4 p r . Since there are only finitely many 
primes p with \k(p)\ ^ D, we conclude: 



There are finitely many primes pi, ■ ■ ■ ,pk such that A njP = A' v r for all n and p 7^ pi, . . . , p^. 
There is a N € N such that, for all p and n, the A p -lattice A niP contains p N A p r . 



Since the quotients A' p /p N A' p are finite, the second statement implies that for all 1 ^ i ^ 
k there are only finitely many possibilities for A„ jPi . As for p ^ pi,...,p& the lattices A njP 
are independent of n, this implies that only finitely many ^-lattices A n C (A^,) 1 "' occur, a 
contradiction to our assumptions. □ 

Proposition 4.3.6. Let K be a complete field with respect to a discrete valuation v with Enite 
residue field containing ¥ q and let R be the corresponding discrete valuation ring with maximal 
ideal m. Let K' := L\ x ■ • • x L m with Li finite field extensions of K and R' := Si x • • • x S m 
with Si C Li the discrete valuation ring associated to the unique extension of v to Li. Suppose 
that r' ^ 1 and set r := r' ■ YliLil^i '■ K]. 

There is a constant C > only depending on q and r such that, for any free R-submodule 
A C K' r ' of rank r with R' ■ A = R' r ' , we have 

[GIv(i?') : Stab GIv(K0 (A)] ^ C ■ [R' r ' : A] 1 ^. 
Proof. We introduce the notation 

H :={T £ MaV(i?') : T • A C A}. 
This set of matrices is an ii-subalgebra of Mat r /(i?') with H* = StabgL ,(R')(A). 
Note that, if gi, ... ,g r is a -R-basis of A, then A = £(i? r ) C K' r for 

^ . K r — > K' r ' 

(x 1 ,...,x r ) 1 — > x 1 g 1 -\ Yx r g r 

Since K is complete, £ is a homeomorphism (cf. Proposition 4.9 in |Neu07j ) . This implies that 
A C R' r is open. 

Hence, there is a keN such that m k R' r C A. Therefore Mat r / (m k R') C H and 

H/Mat r ,(m k R') = {T £ Mat r ,(R' /m k R') : T ■ (A/m k R >r ') C A/m k R >r '} 

if we identify Mat r /(#7m fc -R') with Mat r /(i?')/ Mat r'( mfc ^')- For the stabilizer of A/m fc i? /r ' under 
the action of GL r i (R' / m k R r ) , this means that 

(tf/MaV(m fc #0)* = Stab GL (w/mfcw) (A/m*# r '). 
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The orbit of A under GL r /(i?') is in bijective correspondence with the orbit of A/m k R' r under 
GL r ,(R , /m k R r ) via 

T • A i — y (T • A)/m k R' r ' . 
Therefore the above formulas for the corresponding stabilizers give us the following estimate: 

[GL r ,(R') : H*} = [GL r ,{R'/m k R') : (H /MaV (m* R'))*) ^ l G M#7™*#')l 



[H : Mat r ,(m k R') 

( I t I '( \ V \ 1 — ' ' 



Lemma 4.3.7. There is a constant C only depending on q and r (namely C = (1 — ^) r ) such that 



\GL r ,(R'/m«R')\ ^C- |MaV(#/m"lf)|. 

Proof. By definition of R' the quotient R'/m k R' is isomorphic to S\/m k Si x ••• x S m /m k S m , 
hence 

GL r ,(R'/m k R') ^ GL r ,,(5i/m fc 5i) x • • • x GL r ,(S m /m k S m ) 
Mat r ,{R'/m k R') ^ Mat r ,(Si/m k x • • • x Mat r ,{S rn /m k S m ). 

Now note that, for any I ^ 1 and any discrete valuation ring U with maximal ideal n and residue 
field Wqi containing ¥ q , a matrix T € Mat r /(U) is invertible if and only if its reduction modulo 
is invertible in Mat r '(U/n l ). In particular, GL r /(U/n l ) exactly consists of the matrices with 
reduction modulo n lying in GIv([//n). As the fibers of the projection Mat r /(L r /n') — > Mat r /(C//n) 

have all cardinality \n/n l \ r ' = q'^ 1 " 1 ^ , we get 

\GL r ,(U/n l )\ = q' {l ~ iy2 \GL r ,(F q ,)\ 

= ^- 1)r ' 2 (^'-i)(^'-gO-(^'-^'- 1 ) 
q 

r 



1 \ 

- |MaV(C//n')|. 



Since m ^ r/r', we have in total 



\ mr 



\GL r/ (R'/m k R')\ ^ I 1 - - J |Mat r ,(#/m fe #)l > C ■ iMat^/m^')! 

withC=(l-i) r . □ 
By Lemma 14.3.71 and the estimate before, we have 

To finish the proof of Proposition 14.3.61 we consider a i?-basis gi,...,g r of A and the R- module 
homomorphism 

Mat r /(i?') r — > R' r '/A 
(Tx,...,T r ) .— > (Ti ■5i + --- + T r -g r ) mod A. 

It is surjective and its kernel contains H r . Therefore, we have 

[Mat r /( J R / ) : H] r = [Mat r /(i?') r : H r ] ^ \R' r ' : A] 
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and in total 

[GL r / (R 1 ) : Stab GLr , ( ^ (A)] ^ C ■ [MaV(i?') : H] > C ■ [R' r> : A] 1/r . □ 

5. Zariski density of Hecke orbits 

In the whole section, S = S FIC denotes a Drinfeld modular variety and C a set of representatives 

in GL r {A F ) for GL r (F) \ GL r (A F )/IC. We use the description of the irreducible components of 
S over Cqo given in Proposition 12.1.31 We let be the irreducible component of S over Coo 
corresponding to h G C and identify its Coo-valued points Ih(Coo) C GL r (F)\(Q r F x GL r (A F )/K) 
with I\ \ £l r F where := hJCh^ 1 n GL r (F) via the isomorphism from Proposition 12.1.31 

5.1 T g + T^i -orbits 

For g G GL r (A£) and closed subvarieties Z C S we define 

{T g + T g -i){Z) :=T g {Z)uT g -i{Z\ 

and recursively 

(T g + T g -i)°(Z) :=Z 

(Tg + T^nZ) := {T g + T g -,)({T g + T g -,Y-\Z)), n>l. 
Definition 5.1.1. For a geometric point x G ^(Coo) and g G GL r (A^), the union 

T?{x) :=[J(Tg + Tg- l r(x)cS(C 00 ) 

is called the T g + T g -i -orbit of x. 

Note that T£°(x) is the smallest subset of S(Coo) containing x which is mapped into itself 
under T g and T g -i. 

We now give an explicit description of the intersection of T g °°(x) with the irreducible compo- 
nents of S over Coo for x G S^Cqo) and g G GL r (A^). 

Proposition 5.1.2. Let hi,h 2 G C and assume that x G ^(Cqq) with x = [w] G r ftl \ Cl r F . 
Then the intersection of T g x (x) with Y/i 2 (Coo) is given by 

t 9 °°(x) n y fe2 (Coo) = {[Tlj] g r h2 \ n r F ■. t g h 2 {K g K)hi l n GL r (F)}, 

where (JCgJC) denotes the subgroup of GLy(A^) generated by the double coset KgK. 

Proof. By assumption, we have x = [(u,hi)] G GL r (F) \ (Cl r F x GL r (A f F )/K). Hence, by Defini- 
tion 13. 1.51 and the recursive definition of (Tg + T g -i) n (x), the elements of T^°(x) are exactly those 
of the form [{oj, h\k\g\k,2g2 • • • k n g n )] with n ^ 0, fcj G K and G {5, g^ 1 }- Hence, an element 
y G T^°(x) n Y/^Coo) ca n be written as y = [(w, his)] with s G (K,gK). Since y lies in Yh a , there 
exist T G GL r (F) and k G /C with T/iisA; = /i 2 . Therefore 

y = [(w,/tis)] = [(Tw,T/iisA;)] = [(Tu>,h 2 )] 

is equal to [Tu] G r h2 \ J2J., where T G h 2 (ICglC)h^ 1 n GL r (F). 

Conversely, an element [Tw] G \ with T = /^s/i^f 1 G /^(/Cg/Q/i^ 1 n GL r (F) is equal 

to 

[(Tw,/i 2 )] = = [(w./na" 1 ^ 1 /^)] = [(uMs- l )\ 
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with s 1 G (ICgJC) , hence lies in T?° (x) n Yj^ (C c 



□ 



5.2 Zariski density 

We give a sufficient condition for a subset M C S*(Coo) to be Zariski dense in one irreducible 
component Yh of S over Coo. Recall that, for a place p ^ oo of F, by A F V we denote the adeles 
outside oo and p. 



Proposition 5.2.1. Let M be a subset of S'(Coo) contained in an irreducible component of 
S over Coo for h G C and suppose that M contains an element x = [u] G Y/j(Coo) = \ £l r F 
such that there exists a place p ^ oo of F and an open subgroup K! C GL r (A^ p ) with 

M' := {[Tu] eT h \Q, r F : T £ (SL r (F p ) x K!) n GL r (F)} C M. 

Then M is Zariski dense in Y^. 

Proof. We denote the Zariski closure of M' by Y. It is enough to show that Y(Coo) = ^(Coo). 
As the nonsingular locus Y ns of Y over C^o is Zariski open and dense in Y (Theorem 1.5.3 
in |Har77j V the intersection Y ns (Coo) n M' is non-empty. Since (SL r (F p ) x K') n GL r (F) is a 
subgroup of GL r (F), we can therefore assume that x = [u] lies in Y ns (Coo). Hence it is enough 
to show that the tangent space T X Y of Y at x is of dimension r — 1 = dim S. 

Since K! is open in GL r (A^ p ), there is an N G A with N p such that K'(N) C K! ', where 
K'(N) denotes the principal congruence subgroup modulo N of GL r (A^ p ). Now let I ^ 1 such 
that p' = (it) is a principal ideal of A and consider for 1 ^ i ^ r — 1 and A; ^ 1 the matrices 

/ 1 \ 



.4 



V 



N 



G SL r (F), 



1 / 



with the entry in the ith column. As elements of GL r (A^) (diagonally embedded) they lie 



K'(N) C SL r (F p ) x KJ. Hence, for all 1 < 



4: 

< r 



1 and k ^ 1, [^4jfc w ] hes in 



in SL r (F p ) 
M' C Y(Coo). 

We now view Q r F as a subset of A r_1 (Coo) by identifying [u)i : ■ ■ ■ : w r -i : 1] with (wi, . . . , w r _i) 
(note that the r-th projective coordinate uj t of an arbitrary element of £l r F can be assumed to 
be 1 because the Foo-rational hyperplane co r = does not belong to £l r F ). Assume that we have 
uj = (uji, . . . , CtV— l) i n this identification. Then, using ()2. 1.2[) . we see that 

/ N ^ 
AikW = (CJi, . . . ,Wj r, . . . ,W r _iJ 

for all 1 ^ i ^ r — 1 and k ^ 1. Note that — ^ converges to £jj in Ceo for k — > oo and that 
{[^jfcwjjfc^i C y(Coo) for all 1 ^ z ^ r - 1. Since Y(Coo) C 1ft (Coo) = T/i \ is c l° se d in 
the rigid analytic topology, it follows that there is an e > such that for all 1 ^ i ^ r — 1 and 
c G Cqo with |c|oo < £ 

[(wi, . .. ,OJi +c, .. . ,w r _i)] G F(Coo). 
This implies dim T^Y = r - 1 and Y~(Coc) = 3^ (Coo). □ 

Now let p ^ oo be a place of F and g G GL r (A^) trivial outside p, i.e., g := (1, . . . ,gp, . . . , 1) 
for some g p G GL r (F p ). Using Proposition 15.2.11 we prove a sufficient condition for the T g +T g -i- 
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orbit T^°(x) to be Zariski dense in the irreducible component of S over Coo containing x. This 
result is a generalization of Theorem 4.11 in [BrcTlJ. 

Theorem 5.2.2. Assume that the image of the cyclic subgroup (g p ) C GL r (F p ) in PGL r (F p ) is 
unbounded and, for x £ S(Coo), let Y x be the irreducible component of S over Coo containing x. 
Then, for all x £ 5(Coo), the intersection of the T g + T g -i-orbit T£°(x) with ^(Cqo) is Zariski 
dense in Y x . 

Proof. We assume that Y x = Yh for some h 6 C. Then, by Proposition 15.1.2] we have 
T g ^(x)nY x (C 00 ) = {[Tuj}€T h \n r F : T G h^glC)^ 1 D GL r (F)}. 

We can find compact open subgroups /C p C GL r (F p ) and JC' C GL r (A^ p ) such that 

{JC p h p g v h p l JC p ) x JC' C hiJCgJC)^ 1 . 

We now consider the open subgroup Up := (Kphpgphp 1 Kp) nSL r (F p ) of SL r (F p ). It is normalized 
by the image of (gp) in PGL r (F p ), which is unbounded by assumption. Since PGL r is a connected 
adjoint absolutely simple linear algebraic group over the local field F p and SL r <—> GL r — > PGL r 
is its universal covering, we conclude by Theorem 2.2 of [Pin00| that Up is equal to SL r (i ? p ). 
Hence, SL r (F p ) is contained in (Kphpgphp Kp) and we have 

{[Too] eT h \n r F : T G (SL r (F p ) x JC') fl GL r (F)} C T™(x) D 3^ (€«,). 

Therefore, we can apply Proposition 15.2.11 to the subset T g yo (x) ny x (Coo) of 5(Coo) and conclude 
that T g °°(x) HY X (C oo) is Zariski dense in Y x . Q 



6. Geometric criterion for being a Drinfeld modular subvariety 

Proposition 6.1.1. Let S = S Fli - be a Drinfeld modular variety and Z C S an irreducible 
subvariety over Cqo such that Z = T g Z = T g -iZ for some g = (1, . . . , g v , . . . , 1) with g p G 
GL r (F p ). If the cyclic subgroup of PGL r (F p ) generated by the image of g v is unbounded, then 
Z is an irreducible component of S over Cqo- 

Proof. Let x G Z(Coo) be a geometric point of Z. By assumption we have 
T g (x) C T g Z = Z and T g -i(x) C T g -iZ = Z, hence 

(T g + T g -,)(x)dZ. 

Iterating we get for all n ^ 1 

(T g + T g -i) n (x)cZ, 

so the (T g + T 5 -i)-orbit T£°(x) of x is contained in Z. Since Z is irreducible over Cqo > the orbit 
T^°(x) is contained in one irreducible component Y of S over Coo. So T g x (x) is Zariski dense 
in Y by Theorem 15.2.21 Since Z is Zariski closed in S, it follows that Z = Y is an irreducible 
component of 5 over Cqo- □ 

Definition 6.1.2. A subvariety X dehned over F of a Drinfeld modular subvariety S FIC is called 
Hodge-generic if none of its irreducible components over Cqo is contained in a proper Drinfeld 
modular subvariety of S FIC . 

Theorem 6.1.3. Let S = S F r be a Drinfeld modular variety with JC = JC p x JC^ amply small 

where JC P C GL r (F p ) and JC^ C GL r (A^ p ). Suppose that Z C S is an F -irreducible Hodge- 
generic subvariety with d\mZ ^ 1 such that Z C T g Z for some g = (1, ... ,<?«,..., 1) with 
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g v € GL r (F p ). If, for all k\, k% G /Cp, the cyclic subgroup of PGL r (i ? p ) generated by the image of 
ki ■ gp ■ &2 is unbounded, then Z = S. 

Remark: Note that the unboundedness condition in this theorem is stronger than the one in 
Proposition 16,1.11 For example, for r = 2, /C p = GL2(A p ) and a uniformizer 7r p E F p , the image 

of g v = ^ p ^\ generates an unbounded subgroup of PGL 2 (F p ), but for k x = ft G /Cp, 

the image of fci^p generates a bounded subgroup of PGL2(i ? p ) because (fci<? p ) 2 is a scalar matrix. 

Proof. In this proof, for simplicity of notation, we identify GL r (i*p) as a subgroup of GL r (A^) 
via the inclusion 

hp G GL r (F p ) i — > (1, . . . , hp, •••,!) G GL r (A f F ). 

Let Z = Z\ U ■ ■ ■ U Z s be a decomposition of Z into irreducible components over Coo • Since Z 
is defined over F, the irreducible component Z% is defined over some finite, separable extension E 
of F. By the i^-irreducibility of S and Z, it is enough to show that Z\ is an irreducible component 
of S over Coo. We divide the proof into two steps: 

(i) We show that there is an open subgroup K' C /C with associated canonical projection 
n '■ ^FK' ~~ ^ ^fk an d an -^-irreducible component Z[ of 7r -1 (Zi) which is also irreducible 
over Coo such that Th p Z[ is I?- irreducible for all hp G GL r (i ? p ). 

(ii) Using Proposition 16.1.11 we prove that Z[ is an irreducible component of S r FjC , over Coo- 
Steps (i) and (ii) imply that Z\ = vr(Z[) is an irreducible component of S = S FK - over Coo- 
Step (i): Note that, by Proposition 13.1.31 the canonical projections 

where Up runs over all open normal subgroups of /C p form a projective system of finite etale 
Galois covers defined over F with Galois groups /C p /Up. Hence, by Proposition 13.1.31 

iTp-.S^ :=limS FUfXK(p) 
Up 

is a pro-etale Galois cover with group lim< — /C p /Up. Since /C p is a profinite group, this group is 
isomorphic to /C p and we have the following isomorphisms of rigid-analytic spaces: 

S(P)(Coo) = limGL r (F) \ (Q. r F x GL r (A f F )/(U p x 

GL r (F) \ (n r F x GL r (A£)/£ (p) )- 

By Proposition 13. 1 .31 and these identifications, the automorphism of the /C p -cover 7r p correspond- 
ing to a kp S K-p is given by 

\rmir kp : [(uJ,h)} ^ [(uJ, hk^ 1 )] 
Up 

on Coo-valued points of . 

We now denote by Y the nonsingular locus of the variety Z\ over Coo- By Theorem 1.5.3. 
in [Har77j . Y is a non-empty open subset of Z\ and Y is also defined over E. 

Let y € Y(Coo) C 5(Coo) be a geometric point of Y. We denote by 7rf lthm (Y, y) the arithmetic 
fundamental group of the variety Y over E, i.e., Trf nthm (Y, y) := ir\(Yo,y) if Y = (lo)Coo f° r a 
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scheme Yq over E. Furthermore we fix a geometric point x = [(cJ, h)\ G S , ^)(C 00 ) with 7r p (x) = y 
and consider the monodromy representation 

p:< ithm (y,y)^/C p 

associated to x € S , ^ P ^(C 00 ) and the /C p -cover 7r p . 

By Theorem 4 in |BP05j the image of p is open in GL r (F p ) under the assumptions 

— /C is amply small, 

— Y is a smooth irreducible locally closed subvariety of S with dimY ^ 1, 

— The Zariski closure of Y in S is Hodge-generic. 

These assumptions are satisfied in our case, hence Kl := p(7rf nthm (Y, y)) is open in /C p . 
Now we set K,' := /C p x /C( p ) and consider the canonical projection 

The orbit of the point x' := [(cJ, /i)] G Sp^, (Coo) lying between our base points x G .5^ (Coo) 
and y G S FK (Coo) under the action of 7rf lthm (Y, y) on the fiber 7r _1 (y) equals 

{[(SJ^^-^G^CCoo) : fc p G/^rr ithm (Y,y))=/C p } 

and is therefore of cardinality 1. Hence, the S-irreducible component Y 1 of 7r _1 (Y) containing 
x' is mapped isomorphically onto Y by it. Since Y is irreducible over Coo, it follows that Y' is 
also irreducible over Coo. 

Note furthermore, for any open subgroup /C p C /C p and KJ := JC'p x JCW with canonical 
projection tt' : S r F ^ — )• S^^;' that 

vr / - 1 (x') = {[(aJ,M;)]G^,(Coo) : A: p G /C p } 

is exactly one orbit under the action of 7rf nthm (Y, y) on -K , ^ 1 (-K~ 1 (y)). Therefore, n'^ 1 (Y') is 
E'-irreducible. Since this holds for every open subgroup /C p C /C p , this implies that Th p Y' is 
E- irreducible for all h p G GL r (F p ). 

We now define Z[ to be the Zariski closure of Y' in S FK -,. Since Y' is irreducible over Coo 3 its 
Zariski closure Z{ is also irreducible over Coo and moreover, by dimension reasons, an irreducible 
component of -k~ 1 {Zi) over Cqo* Since Y 1 is also E- irreducible, we similarly conclude that Z 1 ^ is 
an E- irreducible component of k~ 1 (Z\). 

Note that, for all hp G GL r (i ? p ), the projections tt\ and ir^ in the definition of the Hecke 
correspondence on S F1C , are open and closed because they are finite and etale. By the E- 
irreducibility of T^ Y 1 this implies that 

T hp Z[ = Tr^TTf 1 ^)) = TTh^iY')) = 

is .E- irreducible and concludes step (i). 

Step (ii): By the assumption Z C T g Z, the irreducible component Z\ of Z is contained in 
TgZi for some i. Since Z is F-irreducible, there is an element a G G&l(F sep /F) with Z{ = a{Z\). 
This gives for Z[ C S FIC , 

Z[ C vr- 1 ^) C n- 1 (T g a{Z 1 )) = a^iT^)), (6.1.1) 
where the last equality holds because all our projection morphisms are defined over F. 
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A direct computation shows that 

l 

n~ 1 (T 9 Z l )= [J T k - lgpkj Z[ (6.1.2) 

i,i=l 

where {k%, . . . ,/c;} is a set of representatives for the left cosets in /C p /Xp. By (i), all T k -i g ^ k Z[ 
are E-ir reducible. 

Since Z[ is E-ir reducible, the relations (|6.1.ip and (|6.1.2|) imply the existence of indices i 
and j such that for hp := k^ 1 g p kj 

Z[=a(T hp Z[). 

Iterating this gives the inclusion 

Z[ = a(T hp a(T hp Z[)) = a 2 (T hp (T hp Z[)) D a 2 (T h 2Z[), 

which must be an equality because both sides are of the same dimension and Z[ is E'-irreducible. 
Repeating the same argument gives 

Z' x = a\T^Z' x ) 

for all i ^ 1. There is an n ^ 1 with o n € G&l(F sep /E). Since T^Z[ is defined over E, we 
conclude the relations 

Z[ = a n (T h nZ[) = T h nZ[, 
T h- nZ i = T h- n ( T K z 'i) =5 z v 

Again, the latter relation must be an equality because T h -nZ[ is S-irreducible and of the same 
dimension as Z[. Note that the cyclic subgroup of PGL r (F p ) generated by the image of hp = 
{k^ l gpkj) n is unbounded by our assumption. So we can apply Proposition 16.1.11 and conclude 
that Z[ is an irreducible component of S r F ^ over Coo • 

7. Existence of good primes and suitable Hecke operators 
7.1 Good primes 

In this subsection, X = Lp' b (Sp, denotes a Drinfeld modular subvariety of a Drinfeld modular 
variety S FIC associated to the datum (F' , b). 

Definition 7.1.1. For a prime p of F, a free Ap-submodule A p C F p r of rank r is called an 
Ap-lattice. 

Definition 7.1.2. A prime p is called good for X C S r FK if there exists an A p -lattice A p C F p r 
such that 

(i) IC = ICp x IC^ with ICp the kernel of the natural map 

Stab GLr(Fp) (A p ) -> Aut fc(p) (A p /p • A p ) 

foraCW C GL r (A^ p ), 

(ii) there is a prime p' of F' above p with local degree [F^/Fp] = 1, 

(Hi) ^p(Ap) is an Ap-submodule of F p /r . 
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Remarks: 



The definition is independent of the datum (F 1 , b) describing X because F' is uniquely 
determined by X and b' p = s p o bp o k v with s p G GL r /(F p ') and kp G /C p C StabGL r (F p )(Ap) 
for a second datum (i 7 ', 6') describing X by Corollary 13.3,61 

The existence of a good prime p for X implies that the reflex field F' of X is separable 
over F because there exists a prime p' of F' which is unramified over F. 
If A p = SpAp for an s v G GL r (F p ), then condition (i) is equivalent to 

/C = Sp/C(p)s p - 1 x £(•>), 
where /C(p) C GL r (Ap) is the principal congruence subgroup modulo p. 

Condition (i) implies that KJ = {bKb' 1 ) n GL r ,(A^,) = JC' p x JC<jO with /C p the kernel of the 
natural map 



Stabr 



,(6p(Ap)) Aut fc(p) (6p(Ap)/p • 6p(A p )). 



JGL r ,(F p ')l°pl^P^ ~> AL1 ^(p^ 

Since 6p(A p ) is an A p -submodule of F', r by (iii), this means that /C p is conjugate to the 
principal congruence subgroup modulo p of GL r /(A p ). 

Proposition 7.1.3. Let p be a good prime for X. Suppose that X is contained in a Drinfeld 
modular subvariety X' = tp b ,(S F „ C S' FfC . 

Then X" := (ip'^)^ 1 (X) is a Drinfeld modular subvariety of Sp",, K „ and there is a prime p" 
of F" above p with k(p) = k(p") such that p" is good for X" C Sp',, K „. 



Proof. By Corollary [3331 X" 



F" N-l 



{X) is a Drinfeld modular subvariety of S 



r 

F",K 



„ r „ . In the 



proof of Corollary 13.3.51 we saw that F C F" C F' and there are an A{,„-linear isomorphism 



c : 



(At 



(A^,) r and a k G /C such that 



cob' o k 



(7.1.1) 



and X" = t^', c (5*^, ^,). The situation is summarized in the following commutative diagram 



where all arrows are bijections on CoQ-valiiGcl points: 

X C X' 



c 



S 




or' 

°F'K,' 




V, 6' 



FX 



X'' 



c 



S 



F",K" 



Let Ap be an A p -lattice and p' a prime of F' above p for which the conditions (i)-(iii) of 
Definition 17.1.21 are satisfied. We define p" to be the prime of F" lying between p and p'. Since p' 
is of local degree 1 over F, we have k(p) = k(p') = k(p"). We now show that p" is a good prime 
for X = tp„ c (Sp, jQ,) C Sp,, £„. 



By construction, p' is also of local degree 1 over F", i.e., (ii) in Definition 17.1.21 is satisfied 
for p". 

By (iii), b v (Ap) is an ^4 p -submodule of Fp . So we can write 

6p(A p ) = A' x A'("") 
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with A' p „ C F pll r an A p/ ,-submodule (recall that A'„ = A' <S)a" A 1 ',, by our conventions). Since 

c is A^„-linear and A" C A', it follows that A p „ := c p ,}(A pll ) is an A' p \, -lattice in F^„ T . By 
construction, condition (iii) in Definition 17.1.21 holds for p" and A",,. 

We note that (i) implies K" = {b'Kb'^ 1 ) n GL r „(A£„) = K™ x /C" (p) with K' p ' the kernel of the 
natural map StabGL r// (F^)(^p(-^-p)) — ^ Autfc(p)(& p (A p )/p ' ^p(^-p))- Note that 

b' p {A p ) = b' p (k p A p ) = c p \b p (A p )) = c^\A' p „ x A'(P")) = A';„ x A"^"\ 
Since k(p) = k(p") and pA''„ = p"A p „, we therefore see that (i) is also satisfied for p" and A p// . □ 

7.2 Suitable Hecke correspondences 

Proposition 7.2.1. Let X = ip b {Sp, K ,) C S FK - be a Drinfeld modular subvariety and g' G 
GL r /(A£,). Then, we have 

X C TgX 

for g := b' 1 o o b G GL r (A^). 

Proof. Let p = ^^([(w', /i')]) G X(Coo) for some w' G Qp, and /i' G GL r /(A^ / ). Then we have 

p = [(a/ o oh! o b)] = [(uj' o (f^ 1 o o 6 o g -1 )] 

for an F-linear isomorphism ip : F r — > F' r , therefore p lies in T g (tp b ([(u)', h'g')})j and therefore 
in T g X (Coo). Since p £ X(Coo) was arbitrary, we conclude AT C □ 

Theorem 7.2.2. Let p be a good prime for a Drinfeld modular subvariety X = tp b (S F , K ,) C 
S r p}Q and let p' be a prime of F' above p with local degree 1 over F. Then there is a 

5 ' = (i,...,i, 5 ;,,i,...,i) eGMAj,) 

with gL G GL r /(F p ',) such that the following holds for g := b^ 1 o g' o b G GL r (Ap): 

$ x c t 9 x, 

fiij degT, = [K : £ n jT 1 ^] = \k(p)\ r -\ 

(iii) For all k\, &2 G /C p , the cyclic subgroup of PGL r (F p ) generated by the image of k\ ■ g p ■ &2 
is unbounded. 

Proof. Suppose that the conditions (i)-(iii) in Definition 17.1.21 are satisfied for the A p -lattice 

a p cf;. 

By (iii) in Definition 17.1.21 6 p (A p ) is an A p -submodule of F p . Hence we can write 

& p (a p ) = a p , xa; m 

with A', C F p , r a free ^/-submodule of rank r' . Let g' p , : F'J — > F', r be given by 

diag(7r p /,l,...,l) 

for a uniformizer tt p > G A' p , with respect to an A p , -basis of A' p , . 

We now check the conditions (i)-(iii) for g' p , . Statement (i) follows by Prop osit ion 1 7 . 2 . Tl 
For (ii) and (iii), note that each A p ,-basis of A' p , is also an j4 p -basis of A' p , and can be extended 

to an A p -basis of & p (A p ) because the local degree [F',/F p ] is equal to 1. In particular, g' p = 
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bp o g p o bp 1 : F p ' r — > F p ' r is given by the diagonal matrix 

D p :=diag(vr p ,l,...,l) 

with respect to some A p -basis B' of & p (A p ) for a uniformizer 7r p € ^4 p . It follows that g v : F£ — > F p r 
is also given by Dp with respect to the ^4 p -basis bp 1 (B') of A p . Hence, there is a s p € GL r (F p ) 
such that 

9p = • s p-Cp s P 1 ; 
A p = SpAp. 

By the remark after Definition 17.1,21 we therefore have 

JC P = Sp/C(p)s p " 1 

with /C(p) the principal congruence subgroup of GL r (74 p ) modulo p. 

Hence, we can and do assume /C p = /C(p) and g p = Dp because (ii) and (iii) are invariant 
under conjugation. 

For the proof of (ii) consider the map 

a . £(P) — ► _ (^/(vrp)r 1 

h i — > ([iTp 1 • h 2 i], ■ ■ ■ , [vr p 1 • h r i}) 

For h, h' € /C(p), we have for 2 ^ i ^ r 

VTp" 1 • (M')il = (TTp" 1 ^!)^! + ^(TTp -1 ^!) + (^^yO^T 
= TTp^i + T^/l'^ + (mod p), 

therefore a is a homomorphism of groups. It is furthermore surjective and its kernel is exactly 
equal to JC(p) D DpK,(p)DZ . Hence, we have 

[K : K n (j" 1 /^] = [/C p : /C p D <?p~%<7p] = IW 1 - 

For (iii), let fci,/c2 G /C p = /C(p) be arbitrary. We prove that the eigenvalues of {k\gpk 2 ) = 
k^Dp 1 ^ 1 do not all have the same p-valuation by showing that the Newton polygon of the 
characteristic polynomial 

X(A) = A r + a r _iA r_1 + • • • + oiA + a 

of Dp k± consists at least of two line segments. This implies that the cyclic subgroup of 
PGL r (F p ) generated by the image of kig p k 2 is unbounded. 

Since k\, k 2 are elements of GL r (j4 p ), we have det(fci), det(&2) G ^4 p an d hence 

vp{a ) = Vpidetik^Dp 1 ^ 1 )) = - v p {det(D p )) + = -1. 

The coefficient a r _i can be expressed as 

a r _! = -trik^Dp 1 ^ 1 ) = -Y,( k 2 1 UK p 1 (K 1 ) u -^2Y,( k 2 1 h( k i 1 h- 

i i jjtl 

Because of k\,k 2 € ^C(p) we have Vp((k^ fp((&2~ )y) ^ with equality exactly for i = j. 
Therefore, in the above expression for a r _i, the summand for i = 1 in the first sum has p-valuation 
— 1 and all the other summands have p-valuation at least 0. We conclude 

Vp(a r -i) = -1. 
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Hence, the point (r — l,f p (a r ._i)) lies below the line through (0, Vp(ao)) and (r,0). This implies 
that the Newton polygon of x consists at least of two line segments. □ 

7.3 Existence of good primes 

Proposition 7.3.1. Let X = ip b (S F , K ,) C S FK be a Drinfeld modular subvariety and p a 
prime of F such that the following holds: 

(i) there is a prime p' of F' above p with local degree [F p/ /Fp] = 1, 

(ii) K. = /C p x /C( p ) with Kp C GL r (i ? p ) a maximal compact subgroup and K.^ C GL r (A^ p ), 

(iii) K!p := (bplCpbp 1 ) n GL r , (F p is a maximal compact subgroup of GL r /(i ? p). 

Then there is a subgroup K, C K, and a Drinfeld modular subvariety IcS^ such that 

(i) 7i"i(X) = A for the canonical projection tti : S r F f — > S FIC , 

(ii) p is good for X C S r F ^, 

(iii) < \k(p)f. 

Proof. As /C p is a maximal compact subgroup of GL r (i ? p ), there is an s p € GL r (F p ) with /C p = 
s p GL r (^4 p )s p ~ 1 . We define A p to be the lattice s p • At, for which we have 

/C p = Stab GLr(Fp )(A p ). 

Now, we let /Cp be the kernel of the natural map 

Stab GLr(F|j) (Ap) Aut fc(p) (Ap/p • A p ) 

and define K, := /C p x 10$'. 

By construction, we get the upper bound (iii) for the index of /C in 1C: 

[JC:K] = [/Cp : /Cp] = |Aut fe(p) (A p /p • A p )| = |GL r (A:(p))| < \k(p)f . 

We denote by L F ' b the inclusion St,, — > S^,^ associated to the same datum (F', 6) as 
and set A := Lp'^S^^). The proof of Lemma [3.3.21 (i) shows that A is a Drinfeld modular 
subvariety of S r p ^ with vri(A) = A. 

It remains to show that p is good for A C S p ^.. Condition (i) in Definition 17.1.21 is satisfied 

by construction of K and (ii) by assumption. So we only have to check that A p := 6 p (A p ) is an 

A p -submodule of FL r . Since /C p is the stabilizer of A p in GL r (F p ), the stabilizer of A p in GL r >(FL) 
is exactly 

/C p := (fep/Cpftp-^nGL,,^'), 
which is a maximal compact subgroup of GL r '(i ? p ) by assumption. Therefore we have 

St a b Fr (A l p ) = K.' p nF;*=A' p * 

because A' p * is the unique maximal compact subgroup of FL* . Since A p * generates A f as a ring, 
we conclude that A p is an A p -submodule of of F p r . □ 

Theorem 7.3.2. Let S = S FI ^ be a Drinfeld modular variety and N > 0. For every prime q 
of F, denote by /Cq the projection of K, to GL r (i ? q). Then, for almost all Drinfeld modular 
subvarieties X = t F b {S F , ^i) with separable reflex field over F, there is a prime p with the 
following properties: 
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(i) there is a prime p' of F' above p with local degree [FL/Fp] = 1, 

(ii) /C p C GL r (F p ) is a maximal compact subgroup and K, = /C p x K.^ with K.^ C GL r (A^ p ), 
(Hi) /Cp := (fep/Cp&p -1 ) n GL r /(Fp) is a maximal compact subgroup of GL r /(i ? p / ), 

(iv) \k(p)\ < D(X) where D(X) denotes the predegree of X from Definition 13.3.81 

Before giving the proof of this theorem, we show two lemmas. 

Lemma 7.3.3. There are absolute constants C\, C 2 > such that for all global function Gelds F' 
with held of constants containing ¥ q 

KFO^Ci + ^-log^lCKFOl) 
where g(F') denotes the genus of F' and |C1(-F')| the class number of F' . 

Proof. Let F' be a global function field with field of constants ¥ q i D ¥ q . Then, with Proposi- 
tion we get the estimate 

|C1(F)I ^ 2 9 (F')(^') + i-l) ^^^(W)!]' 

which implies 

and because of x/2 ^ log ? x — 1 

^1 - 2 < 5 (F') - 1 - log, g(F') ^ log 9 (4|Cl(F')|). 
So the desired estimate holds for the absolute constants C\ := 8 and C2 := 2. □ 

Lemma 7.3.4. There are constants C3, C4 > only depending on r such that for all finite 
separable extensions F' /F of global function fields with [F'/F] r 

g(E') < C 3 + C 4 • s(F') 

where E 1 ' denotes the normal closure of the extension F'/F. 

Proof. Let F'/F be a finite separable extension of global function fields of degree r' ^ r. Its 
normal closure E' is the compositum of all Galois conjugates F[, . . . ,F' r , of F' over F . We use 
Castelnuovo's inequality (Theorem III. 10. 3 in [Sti93j ) to bound its genus: 

If a global function field K is the compositum of two subfields K\ and K 2 with 
ni := [K/Ki] < 00 for i = 1, 2, then 

g{K) ^ m ■ g(K{) + n 2 ■ g(K 2 ) + (m - l)(n 2 - 1). 

For Ki = F[ and K 2 = F' 2 this gives 

g(F[F> 2 ) ^ r' ■ g(F') + r' ■ g(F') + (r' - l) 2 < 2r' ■ g(F') + r' 2 

because all Galois conjugates of F' over F have the same genus and [F^F^/F^] ^ [F^/F] = r' 
and [F^/F^] < [F{/F] = r'. With induction over k we get 

g(F{---F^^kr' k - l -g(F') + (k-iy k 

and with k = r' 

g(E') < r' r ' ■ g(F') + (r' - 1) • r' r ' < (r - l)r r + r r • 5 (F'). □ 
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Proof of Theorem 1.3.2. For a Drinfeld modular subvariety X = i€, f,(Spi r>) with separable 
reflex field over F, we denote by n(X) the number of primes of F for which (ii) and (iii) do not 
both hold and by m(X,N) the number of primes of F with (i) and (iv). We show the following 
statements for Drinfeld modular subvarieties X of S with separable reflex field: 

(a) n(X) ^ C5 + Cq ■ log q (i(X)) for constants C5, Cq independent of X where i(X) denotes 
the index of X as defined in Definition 13,3.81 

(b) there is an M > such that m(X, N) > n(X) for all X with D(X) > M. 

Statement (b) implies the theorem because D(X) > M for almost all Drinfeld modular 
subvarieties X of S by Theorem 14.3,21 

Proof of (a): For a Drinfeld modular subvariety X = Lp b (Sp, £,) of S we have 

K! = (blCb^ 1 ) n GL r i{K F ,) 

and the index i(X) is the index of K, in a maximal compact subgroup of GL r i(A F ,). 

For a prime p for which (ii) holds we can write fCp = StabQL r (i? p )(Ap) for some A p -lattice 
A p C Fp and 

IC' p = (ftp/Cpft- 1 ) n GIy(^) = Stab GLr/( ^ ) (A;) 

with A p := 6p(Ap). Note that Ap • A p is a free ^4p-submodule of rank r' because Ap is a direct 
product of principal ideal domains. Therefore with Proposition 14.3.61 we get the estimate 

[Stab GV(Fp0 (4 • Ap : IC'p] > C ■ [A' p • A; : A'p} 1 ^ 

for some constant C > only depending on q and r. If /C p is not a maximal compact subgroup 

of GL r /(Fp) (i.e., (iii) does not hold for p), then A p cannot be an ^p-submodule of F p ' r , i.e., we 
have A p C A' p ■ A p and 

[StabG^^^-A^i/C^C-IMp)! 1 ^ 
because each finite non-trivial ylp-module has at least \k{p)\ elements. 

Since, for each prime p satisfying (ii), we have Kf = JCL X K,'^ for some subgroup Kf^> C 
GL r >{F' (g) Ap p ), we conclude that 

^ C • |fc(p)| na W/ f ^ C • q n ^' r , 

where (X) is the number of primes of F for which (ii) holds, but (iii) does not hold. If ri2 is 
the number of primes of F, for which (ii) does not hold, then we conclude 

n(X) = n 2 + n 3 (X) < n 2 - r ■ \og q (C) + r ■ log q (i(X)). 

This finishes the proof of (a) because n 2 is independent of X. 

Proof of (b): Let X be a Drinfeld modular subvariety of S with separable reflex field F' 
over F. We denote the normal closure of the extension F'/F by E' . To give a lower bound for 
m(X,N) we note that all primes p of F which completely split in E' satisfy condition (i). We 
bound the number of such primes with fixed degree using an effective version of Cebotarev's 
theorem. 

For the application of Cebotarev's theorem we fix some notations. We denote the constant 
extension degree of E'/F by n and its geometric extension degree by k. Since we assumed F to 
have field of constants ¥ q , the field of constants of E' is F g n and k = [E' /¥ q n -F]. We furthermore 
fix a separating transcendence element 9 of F/¥„ (i.e., an element 6 of F such that F/¥ q {0) is 
finite and separable) and set d := [F/¥ q (9)]. 
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The effective version of Cebotarev's theorem in [FJ05 (Proposition 6.4.8) says that for all 
i > 1 with n\i 



\ Ci {E>/F)\-*- 
ik 



< 1 {[k + g{E'M' 2 + k(2g(F) + l)q^ + g(E') + dk 



where 

Ci(E'/F) := {p place of F | fe(p) = ¥ q i, p completely splits in E' and 
p is unramified over ¥ q (9)}. 

We apply this for all X with predegree D(X) ^ q iNr \ Because of n ^ [-E'/i 7 ] ^ r!, for these X 
we have q n ^ D(X)4jv. Therefore there are j ^ 1 with n|j and g- 7 < D(X)n and we can define 

i := maxjj ^ 1 : n\j, q j < D(X)^}. 

Our choice of i ensures that 

m(X,N) ^ \Ci{E'/F)\. 

By our choice of i and X we have q l < D(X)tt ; g n+l ^ D(X)Tf and g ra ^ D(X)Sv. Hence we 
have the bounds 

i o n+i 3 

<f<D(X)iv, 9 » = ±—>D(X)tn. 

Furthermore Lemma 17.3.31 and 17.3.41 imply 

g(F') ^C7 1 + C7 2 -log g (D(X)), 
5 (F') ^ C 3 + C 4 • </(*"). 

Since d is independent of X and 1 ^ n, k ^ r! for all X, the above conclusion of Cebotarev's 
theorem and these bounds imply 

C[-D(X)tn C'n + C'AogJDiX)) / i i 

with C[, C 2 -, C 3 > independent of X. On the other hand, our statement (a) gives the bound 

n(X)^C 5 + C 6 -\og q (D(X)) 

with C5, Cq independent of X. Since X2W (log g (x)) 2 = o(x4iv) for a; — > 00, these bounds imply 
the existence of an M > such that m(X, N) > n(X) for all X with D(X) > M. □ 



8. The Andre-Oort Conjecture for Drinfeld modular varieties 
8.1 Statement and first reduction 

Conjecture 8.1.1 (Andre-Oort Conjecture for Drinfeld modular varieties). Let S be a Drinfeld 
modular variety and £ a set of special points of S. Then each irreducible component over Coo of 
the Zariski closure of £ is a special subvariety of S. 

Our main result is the following theorem: 

Theorem 8.1.2. Coniecture \8. 1 . 1\ is true if the reflex Eelds of all special points in £ are separable 
over F. 
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Since the reflex field of a special point in S r F ^ is of degree r over F, special points with 
inseparable reflex field over F can only occur if r is divisible by p = char(F). Hence, Theorem l8.1.2l 
implies 

Corollary 8.1.3. Conjecture \8. 1 . 1\ is true if r is not a multiple of p = char(i ? ). 

Theorem 18.1.21 follows from the following crucial statement whose proof we give in the next 
subsection: 

Theorem 8.1.4. Let S be a Drinfeld modular variety and Z C S an F-irreducible subvariety. 
Suppose that £ is a set of Drinfeld modular subvarieties of S, all of the same dimension d < dim Z 
and with separable reflex field over F, whose union is Zariski dense in Z. Then, for almost all 
l£E, there is a Drinfeld modular subvariety X' of S with X C X' C Z . 

Remark: By Proposition 13.3.41 the proper inclusion X C X' implies that dimX < dimX' 
because the reflex field of X' is properly contained in the reflex field of X. 

PROPOSITION 8.1.5. Theorem \8.1.4\ implies Theorem \8.1.2\ 

Proof of Proposition \8.1.5[ We can assume w.l.o.g. that the Zariski closure Y of £ is irreducible 
over Cqo. Since each special point in £ is defined over F sep , the Zariski closure Y of S is also 
defined over F sep . Hence, we can consider the subvariety Z := G&l(F sep /F) ■ Y, which is F- 
irreducible by Proposition 11.2.21 The union £' of all Gal(i ?sep /i ? )-conjugates of the elements 
of £ is Zariski dense in Z . Proposition 13.3.111 implies that £' is a union of Drinfeld modular 
subvarieties of dimension with separable reflex field over F . 

Hence, we can apply Theorem 18.1.41 with d = and find a finite subset ScS such that for 
all X G £ \ £, there is a Drinfeld modular subvariety X' with X C X' C Z. We denote the set 
of these Drinfeld modular subvarieties X' by £'. Since £ is finite, the union of all subvarieties in 
£' is Zariski dense in Z. 

Note that Proposition 13.3.41 implies that all elements X' of £' are of positive dimension. 
Therefore there is a d' > with d! ^ dimZ such that the Zariski closure of the union of 
all subvarieties of dimension d f in £' is of codimension in Z. We let £" be the set of all 
Gal(-F sep /.F)-conjugates of the subvarieties of dimension d' in £'. Since Z is F-irreducible, this 
is a set of Drinfeld modular subvarieties of S, all of the same dimension d! > 0, whose union is 
Zariski dense in Z. 

If d' = dim Z, then Y is an irreducible component over Cqo of an element in £" and therefore 
special. If d' < dim Z, we apply Theorem 18.1.41 with d = d! > another time to get a set 
of Drinfeld modular subvarieties of dimension d" > d' whose union is Zariski dense in Z. We 
iterate this process until we eventually get such a set with d" = dimZ, which implies that Y is 
special. □ 

8.2 Inductive proof in the separable case 

The proof of Theorem 18. 1.41 requires the results from Subsection 17.31 about the existence of good 
primes and the following theorem. We first give an inductive proof of the latter theorem using our 
results about existence of suitable Hecke correspondences from Subsection 17.21 and our geometric 
criterion in Theorem 16.1.31 

Theorem 8.2.1. Let S = S r Fj ^ be a Drinfeld modular variety and X C S a Drinfeld modular 
subvariety over F which is contained in an F-irreducible subvariety Z C S with dimZ > d\m.X. 
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Suppose that p is a good prime for X C S and 

deg(X) > \k{p)\( r -V< 2a -V -deg{Z) 23 
for s := dim Z — dimX. Then there is a Drinfeld modular subvariety X' of S with X C X' C Z. 

Remark: The degree deg(X) makes sense here because K, is amply small by condition (i) in 
Definition 17X21 

Proof. In this proof, by "irreducible component" we always mean an irreducible component 
over Cqo. We assume that X = l f b (S F , Note that F' is separable over F by the remark after 
Definition [7X1 

We prove the following statements for all n ^ 1: 

(i) If the theorem is true for s = n and Z Hodge-generic (i.e., no irreducible component of 
Z lies in a proper Drinfeld modular subvariety of S, see Definition I6.1.2p . then it is true 
for s = n and general Z. 

(ii) If the theorem is true for all s with 1 ^ s < n and general Z, then it is true for s = n 
and Z Hodge-generic. 

These two statements imply the theorem by induction over s. 

Proof of (i): We assume that the theorem is true for s = n and Z Hodge-generic and 
have to show that it is true for s = n if Z is not Hodge-generic. In this case, there is an 
irreducible component of Z which is contained in a proper Drinfeld modular subvariety of S. 
Since G&l(F sep / F) acts transitively on the irreducible components of Z (Proposition II. 27Z\i and 
Gal(F scp /F) acts on the set of Drinfeld modular subvarieties of S (Proposition 13. 3. IT]) , also the 
other irreducible components of Z are contained in a proper Drinfeld modular subvariety of S. 
In particular, this is the case for some chosen irreducible component Z' of Z which contains an 
irreducible component V of X. 

We now consider a minimal Drinfeld modular subvariety Y = L F " b ,(S F '„ £„) of S with Z' C 
Y C S. By Proposition 13,3.44 the reflex field F" of Y is contained in F' and is therefore also 
separable over F. Since Y is defined over F" , the ^"-irreducible component Z" := Gal(F sep /F")- 
Z' of Z is contained in Y. Furthermore, the F'-irreducibility of X (see Corollary 13. 4. 6p implies 

X = Gal(F sep /F') • V C Gal(F scp /F") • V C Gal(F scp /F") • Z' = Z" C Y. 

We now set X := {if v )- x (X) and Z := {l^' v )-\Z"). These are subvarieties of S F „ K „ with 

X (Z Z d Sprr foil . 

and 

dim Z — dim X = dim Z — dim X = n. 
The subvariety Z = {i^' b ,)~ l {Z") is F"-irreducible because Z" C i F 'y (Sp„ is F"-irreducible 
and Lp 'u is a closed immersion defined over F" by Proposition 13.2.31 

By Corollary 13.3.51 and minimality of Y, the subvariety Z C S' F „ K „ is Hodge-generic and X 
is a Drinfeld modular subvariety of S F '„ ^„ with separable reflex field F' over F" . Furthermore, 
by Proposition 17.1.31 there is a prime p" of F" above p with k(p) = k(p") such that p" is good 
for X C S F/I K „. 
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Proposition 14,2.31 (ii) implies 

deg X = deg X, 

deg Z = deg Z" < deg Z. 

Because of k(p) = k(p") and r" < r the assumption 

deg(X)>|fc(p")l (r "- lH2 "- 1) -deg(Z) 2 ' 1 

is satisfied. So if Theorem 18.2.11 is true for Z Hodge-generic and s = n then there is a Drinfeld 
modular subvariety X' of S r F „ ^„ with X C X' C Z and X' := tp is the desired Drinfeld 

modular subvariety of S with I C I' c Z, This concludes the proof of (i). 

Proof of (ii): We assume that the theorem is true for all s with 1 ^ s < n and have to show 
that it is true for Z Hodge-generic and dimZ — dimX = n. Since p is a good prime for X, we 
can apply Theorem 17.2.21 and find aj£ GL r (A^) with the following properties: 

(a) X C T g X, 

(b) degT, = [K : K n g^Kg] = \k(p)r\ 

(c) For all ki,kz €. Kp, the cyclic subgroup of PGL r (F p ) generated by the image of k% ■ g$ ■ ki 
is unbounded. 

Because of (a) and IcZwe have 

ic^n T g z. 

Lemma 14.2.51 together with Proposition 14.2.31 and property (b) of our g G GL r (A^) give us 
the upper bound 

deg(Z n T g Z) < degZ • degT g Z < (degZ) 2 • degT s = (degZ) 2 • ^(p))'- 1 . 

With the assumption on deg X and n = dim Z — dim X ^ 1 we conclude 

degX > l^p)^- 1 )^"-!) .deg(Z) 2 " > deg(ZnT 5 Z). 

Therefore X cannot be a union of irreducible components of Z D T g Z. Note that Z n T ff Z is 
defined over F, hence also over the reflex field F' of X. Since X is i^'-irreducible, there is an 
.F'-irreducible component Y' of ZnT g Z with X C Y'. We have X C.Y' because X is not a union 
of irreducible components (over Coo) of Z n T 9 Z. 

Now we set Y := Gal(-F sep /-F) • Y 1 . This is an F- irreducible component of Z n T 9 Z which 
contains X with dimX < dimY. We distinguish two cases: 

Case 1: Y = Z 

Because of Y C Z PI T 9 Z this is only possible if Z C Since Z is F-irreducible and Hodge- 
generic, property (c) from above holds and K, is amply small, we can apply our geometric criterion 
(Theorem l6.1.3p and conclude that Z = S. So X' := Z = S satisfies the conclusion of the theorem. 
Case 2: Y C Z 

Set s' := dimY — dimX. Since Y and Z are F-irreducible, we have 1 ^ s' < n = dimZ — dimX. 
Hence, by our assumption, we can apply the theorem to X C Y C S and the prime p provided 
that the inequality of degrees 

degX > ^(p)^- 1 )-^'- 1 ) . deg(Y) 2S ' 

holds. 

To check the latter, note that Y is a union of irreducible components (over Coo) of Z n T g Z 
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because it is an F- irreducible component of Z n T g Z, whence 

degY ^deg(ZnT g Z) ^ \k{p)\ r - 1 -(degZf. 

Therefore we indeed have 

| fc(p) |(r-i)-(2-'-i) . deg{Y f < |fc(p)|C'- 1 )-( 2n - 1 - 1 ) •deg(y) 2 "" 1 

< ^(p)!^- 1 )^ 2 "" 1 - 1 ) • Mp)^" 1 )- 2 " -1 • (degZ) 2 " 
= |fc(p)|( r - 1 H2 n -i).(degZ) 2n <degX 

So we find a Drinfeld modular subvariety X' of S with XC-X'cYcZas desired. □ 



Proof of Theorem \8.L4 . We first reduce ourselves to the case S = S F with K amply small. 



If K is not amply small, there is an amply small open subgroup C C K, with corresponding 
canonical projection tt\ : S F £ — > S FI ^. We choose an F-irreducible component Z of tt^ 1 (Z) with 
dim Z = dim Z and set 

E := {X C Z F'-irreducible component of 7rj~ 1 (X) | X £ E with reflex field i 7 '}. 

Since Drinfeld modular subvarieties with reflex field i* 1 ' are F'-irreducible by Corollary 13.4.61 all 
X € E are Drinfeld modular subvarieties of by Lemma 13.3.21 They are all contained in Z 
and their union is Zariski dense in Z by our assumption on E. If Theorem 18.1.41 is true for K, 
amply small, we conclude that for almost all X 6 E, there is a Drinfeld modular subvariety X' 
of S F £ with X C X' C Z. For such an X', again by Lemma 13.3.21 X' := tti(X') is a Drinfeld 
modular subvariety of S F r- Hence for almost all X € E, there is a Drinfeld modular subvariety 
X' with X CX' C Z. 

So we now assume that K, is amply small. By Theorem l7.3.2l with N = 2(r— 1)-(2 S — l)+r 2 -2 s+1 
for s := dimZ — d, for almost all X = l f b (S r F , K ,) S E, there exists a prime p of F with the 
properties 

(i) there is a prime p' of F' above p with local degree [FL/Fp] = 1, 

(ii) K = /C p x JC^ with /C p C GL r (F p ) a maximal compact subgroup and £(«0 C GL r (A^ p ), 

(iii) /C p := (ftp/Cp^p -1 ) D GL r /(F p ') is a maximal compact subgroup of GL r i(FV), 

(iv) |fc(p)|2(r-l) (2 s -l)+r 2 -2^+1 < D ^ for s ._ dimZ _ ± 

Furthermore, by Theorem 14.3.21 we have 

(v) D(X)>^f^- 

for almost all X € E with C the constant from Proposition 14.3.11 

By Proposition I7.3.1] for all X = l f b (S F , K ,) and p with (i)-(v) there is a subgroup K, C IC 
and a Drinfeld modular subvariety X C S r F ^ such that 

(vi) 7Ti(X) = X for the canonical projection m : — y S F)C , 

(vii) p is good for X C S 1 ^, 

(viii) [K:K]<\k{x>)Y 2 . 

Furthermore, for such an X C we choose an F-irreducible component Z of tt^ 1 (Z) with 

X <Z Z. Since tt\ is finite of degree [fC : it] by Theorem I3.1.31 we have dimZ = dimZ > dimX = 
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dimX and 

degZ < degvrf 1 ^ = [K : K] ■ deg Z < \k(p)\ r2 -degZ, 
degX ^ deg7Ti(X) = degX 

by Proposition 14.2.31 Therefore, using Proposition 14.3.11 we get the inequality 

degX ^ degX > C ■ D(X) = D{X) 1 ' 2 ■ (C • D{X) 1 ' 2 ) 

{lV > V) \ k ( p )\(r-l)<2*-l)+r 2 -2° . deg ( Z f > \k(p)\^< 2S ^- deg(Zf . 

Therefore X C Z C S r ^ - together with p satisfy the assumptions of Theorem 18.2.11 So we find 
a Drinfeld modular subvariety X' of S r F ^ with X C X' C Z and X' := 7Tx(X') is a Drinfeld 
modular subvariety of S r Ft Q with X C X' C Z. □ 
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